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Abstract 

Let — > X be a smooth Lie algebra bundle whose typical fiber is the compact Lie algebra 
t. We give a complete description of the bounded (i.e. norm continuous) unitary representa- 
tions of the Frechet-Lie algebra T{A) of all smooth sections of A, and of the LF-Lie algebra 
Tc(A) of compactly supported smooth sections. For bounded unitary irreducible repre- 

sentations are finite tensor products of so-called evaluation representations, hence in particular 
finite-dimensional. For Tc{A), bounded unitary irreducible (factor) representations are possibly 
infinite tensor products of evaluation representations, which reduces the classification problem 
to results of Glimm and Powers on irreducible (factor) representations of UHF C*-algebras. 
The key part in our proof is the result that every irreducible bounded unitary representation of 
a Lie algebra of the form 6®k.4m, where Am is a unital real continuous inverse algebra, is a finite 
product of evaluation representations. On the group level, our results cover in particular the 
bounded unitary representations of the identity component Gau(P)o of the group of smooth 
gauge transformations of a principal fiber bundle P ^ X with compact base and structure 
group, and the groups SU„(^)o with A an involutive commutative continuous inverse algebra. 

Keywords: bounded unitary representation, evaluation representation, Lie algebra bundle. Lie 
algebra of sections, UHF algebra 
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Introduction 

If G is a topological group, then we call a unitary representation tt: G U(H) norm continuous or 
bounded if tt is continuous with respect to the norm topology on the unitary group \J{'H). If G is a 
Lie grou]:0 with an exponential function exp: g — G which is a local diffeomorphism in 0, i.e., G is 
locally exponential, then basic Lie theory implies that the continuous homomorphisms a : g — ?► u(?{), 
i.e., the bounded unitary representations of the Lie algebra g, are in one-to-one correspondence with 
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the bounded unitary representations of the simply connected covering Gq of the identity component 
Go of G. For 1-connected, i.e., connected and simply connected, locally exponential Lie groups, 
bounded unitary representations can therefore be understood completely in terms of representations 
of their Lie algebras. 

Let K ^ X he a smooth Lie algebra bundle whose typical fiber is the finite-dimensional Lie 
algebra 6. In the present paper we shall give a complete description of the bounded projective 
unitary representations of the Frechet-Lie algebra of all smooth sections of ^ (endowed with 
the smooth compact open topology) and of the LF-Lie algebra Tc{A) of compactly supported 
smooth sections, endowed with the locally convex direct limit topology with respect to the Frechet- 
Lie algebras T{A)c '■= {s G r(.^): supp(s) C C}, where C C X is a compact subset. If X is 
compact, then both Lie algebras coincide, but if X is non-compact, then their respective bounded 
representation theory is quite different. 

It will be shown that the problem reduces to the case where £ is compact semisimple, and the 
representations are linear rather than projective. 

For every point x ^ X and unitary representation (p, V) of the fiber — ^, we obtain an irre- 
ducible unitary representation TTx,p{s) := p{s{x)) of r(.S). We call these representations evaluation 
representations. Our central result is that every irreducible bounded unitary representation oiT(A) 
is a finite tensor product of irreducible evaluation representations in different points of X and a 
one-dimensional representation (of the center). In particular, it is finite-dimensional. 

If X is non-compact, then the bounded representation theory of the LF-Lie algebra Tc{^) is 
"wild" in the sense that there exist bounded factor representations of type II and III. Here our main 
result is a complete reduction of the classification of bounded irreducible representations to the 
classification of irreducible representations of UHF C*-algebras. This correspondence is established 
as follows. Let x C X be a locally finite subset and let {px,Vx) be irreducible representations of 
fCx = i corresponding to a; G x. We then form the C*-algebra 

for which the evaluation representations '!Tx,p^ combine to a continuous morphism rj^^p'- ^d^) — ^ 
Ax.p- We then show that a bounded irreducible (factor) representation of Tc{^) is of the form 
t: — l3 o rjx.p for some irreducible (factor) representation of /? of some ^x,p- Conversely, every 
irreducible (factor) representation /? of Ax,p defines a bounded irreducible (factor) representation 
/5 o f^x.p of Tc{K)- Since tt determines the set x and the representations px uniquely, we thus obtain 
a complete reduction of the classification of bounded irreducible (factor) representations of TdK) 
to the corresponding problem for the UHF C*-algebras Ax,p- These algebras have been classified 
by Glimm in |Gli60] . where one also finds a characterization of their pure states. Even stronger 
results were obtained later by Powers in jPo67| , where he shows that the automorphism group acts 
transitively on the set of pure states, so that every irreducible representation is a twist (by an 
automorphism) of an infinite tensor product of irreducible representations. 

The key part in our proof is the corresponding result for X compact and the trivial Lie algebra 
bundle, i.e., for T{M.) = G°°{X, t) ^ I«)kC°°(X, R). This is achieved by dealing with a substantially 
larger class of Lie algebras of the form fi^ := t (8)r^r, where is a commutative unital continuous 
inverse algebra, i.e., a locally convex topological algebra with open unit group and continuous 
inversion map. Here our main result asserts that every irreducible bounded unitary representation of 

is a finite tensor product of evaluation representations 'K^^p{x®a) = x{a)p{x), where p: 4 — > u(V^) 
is an irreducible unitary representation and x '■ Ar — > R is a character. This generalizes a similar 
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result obtained in [NSllj for the special case .4r = C{X,M.), where X is compact. The main new 
point here is the passage from Banach algebras to general continuous inverse algebras A. This is 
achieved by a more direct approach that does not rely on holomorphic line bundles and Banach 
spaces of holomorphic sections. 

The methods we use to deal with the Lie algebras of the form 5^ rely heavily on the fact that 
is unital, but it turns out that if = Co{X, R), where X is a locally compact space countable 
at infinity, then every bounded unitary representation of 4^ = Co {X, i) has a unique extension to 
C{X^,t) = Co{X,i) X where X^: is the one-point compactification of X (cf. Section [5]). This 
extends our classification result to algebras of the form Co {X, f ) . 

On the group level our results cover in particular the bounded unitary representations of the 
identity component Gau(P)o of the group of smooth gauge transformations of a /C-principal bundle 
P — > X, where K is a. compact Lie group and X is compact, the groups SU„(^)o, where A is an 
involutive commutative continuous inverse algebra, and, more generally, connected groups with Lie 
algebra t^- 

The structure of the paper is as follows. In Section [T] we start with a key ingredient of our 
classification for the algebras where A is an involutive commutative continuous inverse algebra 
A. Every function ip: A ^ C which is multiplicative and polynomial of degree A'^ is a product 
of N algebra homomorphisms Xi ■ -4 — > C (Theorem II. 8p . In Section [2] we analyze the bounded 
unitary representations of 6^ = 6 (8)r -4r, where i is compact semisimple. Am :— {a € A: a* — a} 
and A is an involutive commutative continuous inverse algebra. This is done by studying their 
complex linear extensions to 0(-4) — g A, where g :— tc is the complexification of £. Let i C t 
be maximal abelian, so that g° := I^rA Q q{A) is maximal abelian in 0(^1) and there is a natural 
triangular decomposition q{A) = g^ © g° ® 0^ determined by a positive system of roots A+ of 
the semisimple complex Lie algebra g. If tt: g(^) — ?> B{'H) is a bounded irreducible representation, 
then the subspace TL^ is a one-dimensional representation of g°, hence determined by a linear 
functional A: g° — C, called its highest weight. Two such representations are equivalent if and only 
if their highest weights are equal. Therefore it remains to determine the set of highest weights. 
This is achieved in Theorem 12.91 which asserts that these are precisely the sums of functionals of 
the form A O X, where A is dominant integral for (g, tc, A+) and x^ ^4 — >■ C is an involutive algebra 
homomorphism. Here the functionals of the form A €5 x correspond to evaluation representations 
TTx,xix®a) := x{o-)pxix), where p\ is the irreducible representation of 6c of highest weight A. Part of 
the proof of Theorem l2.9l namely the s[2-reduction needed to show that all highest weights are sums 
of such functionals, is carried out in Section[2] We obtain in particular that all irreducible bounded 
unitary representations of are finite tensor products of irreducible evaluation representations. 

In Section |4] we finally turn to the Lie algebras T{R) and Td^)- For Td^) an important obser- 
vation is that every factor representation is a tensor product tt = tti (E> 7^2, where tti can be chosen 
such that it vanishes on the ideal T{A)c of sections supported in a given compact subset C C X 
and TT2 is a finite tensor product of irreducible evaluation representations. Eventually, this factor- 
ization provides the bridge between Lie algebra representations and the infinite tensor products of 
matrix algebras. In Section [5] we show that assuming compactness of the fiber Lie algebra t and 
linearity of the projective representations does not lead to loss of generality in the classification of 
irreducible bounded projective unitary representations of In Section|6]we first observe that, 

for iA with A the non-unital Banach algebra A = ^^(N, C), infinite tensor products of evaluation 
representations lead to infinite-dimensional irreducible bounded unitary representations and to a 
wild bounded representation theory. This is in contrast to the fact that, for a locally compact space 
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countable at infinity, all irreducible bounded representations of Cq {X, f ) = J (8)r Cq {X, R) are finite 
tensor products of evaluation representations, even though A = Co{X) is not unital. If ^ is a 
Banach algebra with £^{N, C) C ^ C Co(N, C), then the representation theory of 6^ becomes quite 
involved because some bounded representations of £^(N,6) only extend to unbounded projective 
representations of 6^. We plan to pursue these aspects in the forthcoming paper |JN13| . In Sub- 
section 16.31 we assume that X is compact with boundary and in this context we characterize those 
representations oiTc{X°) extending to the Banach-Lie algebra of C'^-section whose fc-jet vanishes 
on the boundary dX. 

Finite-dimensional representations of Lie algebras of the form A, where g is semisimple and 
A a unital commutative algebra, are presently under active investigation from an algebraic point of 
view. More generally, one studies equivariant map algebras, i.e.. Lie algebras of the form (g (E) A)^ , 
where A is the algebra of regular functions on an affine variety and F a finite group acting on g and 
A. The irreducible finite-dimensional representations of equivariant map algebras have recently 
been classified by Neher, Savage and Senesi ( |NSS12] V Their main result asserts that they are 
finite tensor products of evaluation representations, which is remarkably parallel to our results in 
Sections [5] and m See also |NS12] for a recent survey on equivariant map algebras. This connects 
with our context if ^ = C°°{Y,C) and F acts freely on y, so that ^ := Y Xj^ i is a. Lie algebra 
bundle over X := Y/T with F(J?) ^ (6 « Af. 

In |A-T93] an irreducible unitary representation of a Lie group {X, K) is called a non- 
commutative distribution. In this sense we contribute to the program outhned in |A-T93j by clas- 
sifying the bounded non-commutative distributions for X and K compact (at least for the identity 
component). The problem to classify all smooth (projective) irreducible unitary representations of 
gauge groups is still wide open, although the classification of their central extensions by Janssens 
and Wockel ( [JWlOj ) is a key step towards this goal. 

We conclude this introduction with a brief discussion of the literature on unbounded represen- 
tation of mapping groups. For any, not necessary compact. Lie group K, the group C{X,K) has 
unitary representations obtained as finite tensor products of evaluation representations. However, 
for some non-compact groups, such as K = SUi^„(C), one even has "continuous" tensor product 
representations which are irreducible and extend to groups of measurable maps (cf. |JK85| , |Be79| , 
^CP87\ . |GK03) . IVGG74I [GGV80] for semisimple target g roups, |Gui72) for a general discussion 
and classification results for locally compact target groups, |Ar69| for classification results for com- 
pact and nilpotent target groups, and |01s82) for an example where the target group U(oo) is 
infinite-dimensional). In the algebraic context of loop groups, these representations also appear 
in (JK89j which contains a classification of various types of unitary representations generalizing 
highest weight representations. All these representations are most naturally defined on groups of 
measurable maps, so that they neither require a topology nor a smooth structure on X . 

One of the first references concerning unitary representations of groups of smooth maps such as 
C°°(]R, SU2(C)) is |GG68j . where the authors introduce the concept of a derivative representation 
which depends only on the derivatives up to some order N in some point tg € K. Put in our 
language, derivative representations are studied as unitary representations of the Lie algebra 
where A ~ 'C[[X]] is the continuous inverse algebra of formal power series. In addition to these 
representations, there exist irreducible representations of mapping groups defined most naturally 
on maps of Sobolev C^-maps, the so-called energy representations (cf. ^Is76i, ils96] . |AII78| , |A-T93| . 
[AnlO] ). In |Is961 §§15, 17] one even finds some projective modifications of these representations 
that lift to unitary representations of the simply connected covering group. 
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For central extensions of loop groups C°° {E>^ , K) , the most studied class of irreducible represen- 
tations are the highest weight representations from Kac-Moody theory which extend to positive en- 
ergy representations of the semidirect product with R, generating the rotation action on §^ f [PS86| ). 
Other unitary representations are the twisted loop modules from |CP86j . These are representations 
of the semidirect product C°°{E>^,K) xIq T induced from finite tensor products of evaluation repre- 
sentations of C°°(S^,i4r). The restrictions of these representations to the loop group are bounded 
but not irreducible. In |To87) (see also |A-T93[ §5.4]) Torresani studies projective unitary "highest 
weight representations" of C°°(T'^, £), where 6 is compact simple. Besides the finite tensor products 
of evaluation representations {elementary representations) he finds finite tensor products of evalu- 
ation representations of C°°{T'^,t) = C°°{T'^~^, C°°{T,t)), where the representations of the target 
algebra C°°{T,i) are projective highest weight representations (semi-elementary representations). 
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Notation and terminology 

A (locally convex) Lie group G is a group equipped with a smooth manifold structure modeled on 
a locally convex space for which the group multiplication and the inversion are smooth maps. We 
write 1 £ G for the identity element. Its Lie algebra g — L(G) is identified with the tangent space 
Ti (G) . The Lie bracket is obtained by identification with the Lie algebra of left invariant vector 
fields. A smooth map exp^ : g — >■ G is called an exponential function if each curve jx{t) := exp(3(te) 
is a one-parameter group with 7^(0) = x. A Lie group G is said to be locally exponential if it has an 
exponential function for which there is an open 0-neighborhood U in g mapped diffeomorphically 
by exp(3 onto an open subset of G. 

If TT : G — !■ U('H) is a norm-continuous (^bounded) unitary representation of a locally exponential 
Lie group G, then it is automatically smooth (^ |Ne061 Thms. III. 1.5, IV. 1.18]) and its differential 
d7r: g — u{'H) is a continuous representation of g by skew-hermitian bounded operators on H. We 
call such homomorphisms g — )• u(H) bounded unitary representations of the Lie algebra g because 
they are representations by bounded operators. For a 1-connected, i.e., connected and simply 
connected, Lie group G, the bounded unitary representations of the Lie algebra g are in one-to-one 
correspondence with the unitary representations tt : G — )• U('H) which are smooth maps with respect 
to the Lie group structure on U(H) defined by the norm. All groups considered in the present paper 
are locally exponential. 

1 Multiplicative characters on continuous inverse algebras 

In this section we provide a key ingredient of our classification results. We show that every function 
ip: ,4 — > C on a continuous inverse algebra A which is multiplicative and polynomial of degree N is 
a product of A'' algebra homomorphisms : ^ ^> C (Theorem [T^. This will be crucial in Section |3] 
to deal with the Lie algebra SU2{A). For unital commutative Banach algebras, this result is already 
known ( |NSllj ). so the new point is its extension to locally convex algebras. 

1.1 Tensor products of continuous inverse algebras 

Definition 1.1. (a) A unital locally convex associative algebra (with continuous multiplication) A 
over k G {M, C} is called a continuous inverse algebra (cia for short) if its unit group A^ is open 
and the inversion map A^ — > ^, a H> a^^ is continuous. We write F^ := Hom(.4., C) \ {0} for the 
set of non-zero algebra homomorphisms; the characters of A. 

If A has no unit, then we say that ^ is a cia if the unital algebra A+ := k©^ with the product 

(t, a)(s, b) {ts, tb + sa + ab) 

is a cia. 

(b) An involutive cia is a complex cia A, endowed with an antilinear antiisomorphism a !—>■ a* . 
This map is called the involution of A. Then := {a e ^: a* = a} is a real subspace of A which 
is a real cia if A is commutative. 

A character x- .A ^ C is said to be involutive if x(q*) = x(o) holds for a & A. We write F^ for 
the set of non-zero involutive characters of A. Note that, for any character x, we obtain another 
character x*{'^) '■— x(fl*): ^-nd that x is involutive if and only if x* = X- 
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Example 1.2. (a) For any compact smooth manifold X and A: S No U {oo}, the algebra A 
C^{X, k) is a unital cia. Its characters are of the form x{f ) ~ fi^) for some x G X (of. [Wagllb 
Thm. 4.3.1(b)]). 

(b) If X is non-compact, then C''{X,'k) is no longer a cia because spectra of elements of a cia 
are compact. In this case the algebra A := C^(X, k) of compactly supported C^-'-functions is a cia 
(cf. [G102i Prop. 7.1]). Its characters are of the form x(/) = f{x) for some x G X (after extending 
the character to the unital algebra A+, the arguments in the proof of Wagllb| Thm. 4.3.1(b)] 
carry over). 

(c) For d G N, let A k[[Xi, . . . ,Xd]] denote the algebra of formal power series in the com- 
muting variables Xi, . . . , X^- We endow A with the Frcchet topology defined by the seminorms 

Pa{a) := \aa\, where o= AqX". 

Then ^ is a unital cia with unit group A^ — {a: ao ^ 0} and the unique maximal ideal m = 
{Xi, . . . , Xd) is a hyperplane. Accordingly r_4 = {e} with e(a) = ag. 

(d) Let _ftr C C" be a compact set. For each open neighborhood U of K, we denote by 0°°{U) 
the Banach algebra of bounded holomorphic functions on U, equipped with the supremum norm. 
Let Oa,n{K) be the algebra of germs of holomorphic functions around K. Then Oan{K) is the 
direct limit of the algebras 0°°{U), where U runs over the open neighborhoods of K, and we equip 
Os,n{K) with the direct limit topology. This makes Os,n{K) into a complete unital cia (cf. |Wae54| ) . 
If if is a rationally convex subset of C" (meaning that, for every x e C" \ if, there is a polynomial 
p such that p{x) ^ p{K)), then every character is of the form xif ) — f{x) for some x € K, and 
rOan(if) is homeomorphic to K (cf. jBi07] ). 

(e) The algebra A := 5(M'*, M) of Schwartz functions on is a cia with = R'^ (all characters 
are given by evaluations in points of M'*). This follows from the automatic continuity of characters 
on cias, the density of Cf'(M'',M), and (b). 

(f ) If (T : F X X — > X is an action of the group F by diffcomorphisms on the compact manifold 
X, then the subalgebra C°°(X, k)^ of F- invariant functions is also a cia. More generally, if is a 
unital cia and F C Aut(^), then the subalgebra A^ of F- fixed points is a cia. Here the main point 
is to observe that n C {A^)^. 

Definition 1.3. (a) If E and F are locally convex spaces, then the projective topology on E ^ F is 
defined by the seminorms 

n n 

ip ® q){x) ^ inf I ^p{yj)q{zj) : a; = ^ ® z^ j, 

where p and q are continuous seminorms on E and F , respectively (cf. |Tr67[ Prop. 43.4]). It has 
the universal property that continuous bilinear maps E x F ^ G, G a locally convex space, are 
in one-to-one correspondence with continuous linear maps E ® F ^ G. One likewise defines the 
projective topology for tensor products of finitely many factors. 

(b) Now let A®^ denote the completed projective iV-fold tensor product of a commutative cia 
A. It has the universal property that continuous linear maps A®'^ E to a. complete locally 
convex space E are in one-to-one correspondence with continuous iV-linear maps A^ — > E. From 
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the universal property and the associativity of projective tensor products it easily follows that 
carries a natural unital commutative algebra structure, determined by 

(ai (g) • ■ • aAr)(6i ® ■ • • bAf) := aibi (g) ■ • • (g) a^bN for a,j, € A. 

The symmetric group Sn acts on A"^^ by permuting the tensor factors, i.e. 

a{ai (g) • • • (g) Oat) :— a„-i(^i-^ (g • • • (g a^~i(^]\j), a S S'jv, aj e A. 

The fixed point algebra (A) := (^A^^)^" is also a unital commutative algebra which is a closed 
subalgebra of .4®^, hence complete. It is topologically generated by tensors of the form 

ai V • ■ • V OAT := — a^(i) g) • • • g) a^(Ar), 

' o-GSjv 

and by polarization it is actually generated by the diagonal elements 

a^^ = aV---Va = ag)---g)a, a £ A. 

We do not know if the (completed) tensor product of two cias is always a cia. The following 
theorem shows that this is true for commutative ones. 

Theorem 1.4. If Ai and A2 are commutative unital continuous inverse algebras, then their com- 
pleted projective tensor product Ai'SiA2 is also a continuous inverse algebra. 

Proof. Let B := Ai ® A2 denote the projective tensor product of Ai and A2. Then B is a unital 
locally convex commutative algebra. The projective topology on B is defined by the seminorms 
p ® q, where p and q are continuous seminorms on Ai and ^2, respectively (cf. Definition II. 3p . 
Suppose that p and q are submultiplicative. For x = yj g) Zj and x' — y'j g) z'j we have 
= J2j,k VoVk ® Z]Z'k- From 

j,k j,k i k 

we then derive that 

[p g) q){xx') <{p® q){x){p ® q){x'), 

i.e., that pg) 5 is submultiplicative. 

According to Turpin's Theorem ( |Tu70| ) . commutative continuous inverse algebras have a defin- 
ing family of submultiplicative seminorms, i.e., they are projective limits of commutative Banach 
algebras. As we have seen above, this property is inherited by B. In particular, B embeds into a 
topological product of Banach algebras, which implies that the inversion map B^ B is continuous. 
It therefore remains to show that B^ is a. neighborhood of 1. 

It is clear that := Hom(B, C) can be identified with the product set F^^ x F,^^. As subsets 
of the dual space A'j, the set F^^. is closed and equicontinuous. Indeed, let 1 + U be an open 
neighborhood of 1 in A^ , with U a circular neighborhood of 0. If w G U, then 1 + 7U is invertible 
for all 7 e k with I7I < 1, and thus x(l + 7^) ^ for all x G ^A- This implies that lx(u)| < 1 
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for all X, which shows that is equicontinuous, hence weak-*-compact (cf. |Tr67[ Prop. 32.8]). In 
particular, the Gelfand maps 

Gf.A, ^ C(r^J, g,{a){x) a(x) := x(«) 

are continuous homomorphisms satisfying < 1 for u G J7. We thus obtain on the 

structure of a compact Hausdorff space, and the Gelfand map 

Q: B ^ C{Tb), fli (g) 02 h> al (g) 02 

for B is continuous by the universal property of the projective tensor product. 

We claim that, for ||^?(&)|| < 1, the Neumann series X^J^o converges in the completion B of 
B. Let r : B — M be a submultiplicative seminorm and write qr'- B ^ Br for the map into the 
corresponding Banach algebra Br, which is the completion of /B/r^^(0) with respect to the norm 
induced by r. Then Fg,. is a subset of Fg, so that ||^(&)|| < 1 implies that Spec(gr(&)) (which is 
the image of Q{b) restricted to Fg^) is contained in the open unit disc and therefore X]^o9''(^)" 
converges in Br- Since r was arbitrary, it follows that X^i^o ^" converges in B, which can be 
identified with a subset of the product space Br- 

We conclude that i3 is a commutative unital algebra with an open unit group and continuous 
inversion. This completes the proof. □ 

Corollary 1.5. For any commutative unital continuous inverse algebra A, the completed projective 
tensor powers A®^ are continuous inverse algebras. 

1.2 Multiplicative characters 

We classify the holomorphic multiplicative characters of A. For this, we shall need the fol- 
lowing proposition, which is a generalization of the corresponding assertion concerning Banach 
algebras f p^STT] '!: 

Proposition 1.6. If A is a complex commutative continuous inverse algebra and T C Aut(^) a 
finite subgroup, then each character x ■ A^ C extends to a character of A. 

Proof. Let I C A^ denote the kernel of x- Then I is a proper ideal of A^ , and [NSlll Lemma 3.1] 
implies that AX is a proper ideal of A, hence contained in a maximal ideal Ai. Now A/Ai is a 
complex division algebra and a cia ( |Wagll[ Lemma B.9]), so that IAre47) implies that A/A4 ^ C. 
Therefore the quotient map A ^ A/ A4 is a. character extending x- D 

Remark 1.7. (a) Unfortunately, the analog of Proposition 11.61 for involutive characters is false. 
Here is the minimal example. Let D := denote the 2-dimensional involutive algebra, where 
the algebra structure is given by pointwise multiplication and (2:1,22)* ■— (22,27). Then Fd = 
{XI1X2} is a 2-element set with Xji^) — ^^id x* — Xi- In particular, the involutive algebra 
D has no involutive characters. However, F :— Aut(D, *) is the two-element group {id, r} with 
t(zi,Z2) = (-^2721) and = Ac is the diagonal subalgebra, on which x(z,2) := z defines an 
involutive character. 

(b) An involutive cia is called hermitian if, for each hermitian element a — a*, the spectrum 
(T^(a) is contained in R, i.e., a -f 2I is invertible for 2 ^ K. For a hermitian cia any character 
X- A ^ C is involutive because x(a) G K for a = a*. 
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(c) The algebra D is not hermitian because the element a = (i, —i) is hermitian with tTD(a) = 
{±i}. Note that x(z) := ziZ2 is a multiplicative character (D, •) — > (C, •) satisfying x(a*) = x{o) 
for every a e B. 

Theorem 1.8. Let A be a commutative unital continuous inverse algebra. Then, for every contin- 
uous polynomial multiplicative map ip : A ^ (C, •) of degree N, there exist finitely many continuous 
algebra homomorphisms xi, . . . , xn : »4 — > C such that f = Xi ■ ■ ■ xn- 

Proof. Write (p{a) — ijj{a V • • • V a) for a continuous linear map ip: S^{A) C. For the diagonal 
generators of (A) (cf. Definition II .3^ . we then have 

V-Ca^^fo^^) = ^{{aby) = ip{ab) = ip{a)ip{b) = 

From the linearity of ip and its multiplicativity on a set of topological linear generators, it now 
follows that ip is an algebra homomorphism. 

The continuity of "0 further implies that it extends to a continuous linear map on the completion 
S (A) , which is the fixed point algebra for the canonical iSjv-action on the completion of A'^^ . From 
Corollary [T3] we know that this completion is a continuous inverse algebra, so that Proposition II. 61 
shows that ip extends to a continuous character x ■ A'^^ — ?> C. Then 

n 

^(a) = x(a ® • • • ® a) = n ^(1®'"' ® « ^ l""""') ^ Xi{a) ■ ■ ■ XN{a), 

i=l 

where Xi • ^ ~^ C is the character Xj(a) •= x(l®*~"'^ CE> a Since every character of A is 

automatically continuous (because is open), this proves the theorem. □ 

Corollary 1.9. If A is a complex unital da and (p: [A, •) — > C holomorphic and multiplicative, then 
there exist finitely many continuous algebra homomorphisms Xj : -4 C such that = X^ ' ' ' Xn- 

Proof. Since ip is holomorphic, its restriction to the subalgebra CI is holomorphic and multiplicative, 
hence of the form (p{zl) = z" for some n G Nq- This implies that (p{za) = z"(p{a) for 2; S C, a G A. 
Now ip has a Taylor expansion in homogeneous polynomials (cf. jNe06| ) . and the only nonzero term 
is the one of degree n. Hence the preceding theorem applies. □ 

Example 1.10. If X is a compact manifold, then A — C°°{X) is a unital continuous inverse 
algebra with spectrum F^ = X (Example ll.2r b)). As the completed tensor powers are given by 
^«)n ^ fjoo (X") ( |Ma021 Thm. 4]) and the ^n-action on this algebra is induced by the natural action 
of Sn on X", the algebra S'^{A) consists of the smooth symmetric functions on X". In particular, 
its spectrum is the quotient X"" /Sn, which can be identified with the set of n-element multisubsets 
of X. As the simple example X = R already shows, this space is not a smooth manifold. 

2 Irreducible *-representations of q <S) A 

Let 4 be a compact semisimple Lie algebra and 3 :— ic its complexification. In this section we 
develop an analog of the classical Cartan-Weyl theory of highest weight representations for bounded 
irreducible unitary representations of := 6 Or Ar. Here and in the remainder of this section, A 
is an involutive unital commutative continuous inverse algebra. Our main result is a classification 
of the irreducible bounded unitary representations of £^ as finite tensor products of evaluation 
representations. 
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2.1 Triangular decomposition 



We write x ^ x for the complex conjugation on g = s-^d Put x* := —x. We then have 
6 = {x 6 g: X* = — x}. If t C Ms maximal abelian, then () :— tc is a Cartan subalgebra. Let A C ()* 
be the corresponding root system, so that we have the root decomposition 

g = [je0g„. 

Note that f) = f) and g^ = g-a- We write a G () for the coroot associated to a G A, i.e., the unique 
element a G [gQ,g_Q,] with a{6i) = 2. Fix a positive system A+, and let 11 = {ai, . . . ,ar} denote 
the corresponding simple roots. 

Then q{A) := q®cA, equipped with Lie bracket 

[xi (g) ai, X2 ® 02] := [xi, X2] ® aia2 

is a locally convex Lie algebra with respect to the natural tensor product topology, for which 
q{A) ^ ^dimg topological vector space. The antilinear antiautomorphisms * of g and A 

combine to the antilinear antiautomorphism of g{A), defined by 

(x (g) a)* := X* ® a*. 

The Lie algebra i_A — i '^s. Am is the corresponding real form; = {z G g(^): z* ~ —z}. We 
definel 

g^ := ^ {Qa ® A) and g° := f) ^ 

to obtain the triangular decomposition 

q{A) = g+ ©g° ® g". 

2.2 Inducible functionals 

Bounded ^-representations correspond to so-called inducible functionals. In this section, we will 
classify the inducible functionals of g(-4). 

Definition 2.1. (a) For a real topological Lie algebra u, a bounded unitary representation is a pair 
(tt, 7^), where H is a complex Hilbert space and tt: u — u{H) a continuous homomorphism of Lie 
algebras. 

(b) If (g, *) is a complex topological Lie algebra and x 1— > x* a continuous antilinear involutive 
antiisomorphism, then a bounded ^-representation o/g is a pair (tt, T-L), where H is a complex Hilbert 
space and tt: g — >■ B{T-L) = gt(H) a continuous homomorphism of Lie algebras with 7r(x*) — tt{x)* 
for X G g. Then the restriction to the real form u {x G g: x* = — x} is a bounded unitary 
representation. Conversely, the complex linear extension of every bounded unitary representation 
of u to g is a bounded ^-representation. 

Proposition 2.2. Let {■n,'H) he a bounded ^-representation ofQ{A). Then the following assertions 
hold: 

^ In view of the difference in sign conventions for holomorphic induction and highest weight representations, we 
define g+ to be the span of the root spaces corresponding to negative roots. 
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(i) £ := Ti.^ = (7r(g+)7^)^ carries a ^-representation p of the commutative subalgebra g" = f) ® 

(ii) £ generates the g{A) -module Ti. 

(iii) There exists an N eN with 7r(0+)^ = = {0}. 

(iv) The restriction map R: 7r(g(^))' — ?■ p{q^)',B i—> Bjg is an isomorphism of von Neumann 

algebras. 

(v) {■n,'H) is irreducible if and only if dun £ = 1. 

Proof, (i) The relation = implies that 7r(g+)* = 7r(g^), which leads to 

W =ker(^(0-)) = (^(0+)H)^. 

Further, [0°,0~] C implies that this closed subspace is invariant under g°. 

(ii) Since, for every g(^)-invariant subspace /C C the orthogonal complement /C^ is also 
invariant, it suffices to show that any non-zero invariant subspace /C intersects £ non-trivially. This 
amounts to showing that, if H is non-zero, then £ is non-zero. 

To this end, we integrate the representation of the finite-dimensional involutive Lie algebra 
tt: Q ^ g[(H) to a holomorphic representation of the corresponding 1-connected group ttg : G — 
GL{'H). Let t := int). Then T := expg(t) is a torus, so that the boundedness of tt implies that TL 
decomposes into finitely many f)-weight spaces 

From the relation ga{A)'Hp C T-Lp+a and the finiteness of the decomposition of 'H, we derive the 
existence of a minimal G N with 7r(g^)^ ~ {0}. Then 7r(g^)^^^H is non-zero and contained 
in £. 

(iii) We have already seen that 7r(g^)^ = {0}, so that (ii) follows from 7r(g+) — 7r(g^)*. 

(iv) Since 7r(g(^))' commutes in particular with 7r(g~), it leaves the subspace £ invariant, so 
that R is well-defined. Since £ generates the g(^)-module "H, the map R is injective. To see that 
it is surjective, it suffices to show that its range contains all projections of p{q^)' . Here we use 
that each von Neumann algebra is generated by hermitian projections f [Dix96[ Chap. 1, §1.2]) and 
that images of von Neumann algebras under restriction maps are von Neumann algebras f |Dix96[ 
Chap. 1, §2.1, Prop. 1]). So let P = P* = P"^ e p(g°)' be a hermitian projection and £o := P{£) 
be its range. 

If we denote by U{q{A)) the universal enveloping algebra, then TLq :— U{2{A))£o is the closed 
g(^)-invariant subspace generated by £o. From U{q{A)) = C/(g+)?7(g")t/(g^) we derive that 

no C {/(g+)£o C £o + 7:{g+)n C £„ + £^ , 

which implies that 7io !!£ = £o. We conclude that the orthogonal projection P: H ^ Hq, which is 
contained in 7r(g(^))', satisfies P\£ — P. Therefore R is surjective. 

(v) In view of Schur's Lemma, {n^TL) is irreducible if and only if 7r(g(^))' = CI. According 
to (iv), this is equivalent to the irreducibility of {p,£). As g" is abelian, this is equivalent to 
dimf^l. □ 



12 



Remark 2.3. (Disintegration of bounded representations) For every bounded ^-representation 
(tTj'H) of g{A), every irreducible representation of the C*-algebra A := C* {n{Q{A))) generated 
by n{Q{A)) defines an irreducible bounded ^-representations of q{A). This implies that tt is a 
direct integral of irreducible ones (cf. |Dix77) in the separable case and [He82] for inseparable 
representations). We therefore understand the structure of bounded ^-representations if we know 
the irreducible representations. 

Definition 2.4. We call an involutive linear functional A: C inducible if there exists a 

bounded ^-representation (tTj'H) of g{A) with {p,£) = (A,C), i.e., if A occurs as the g'^-weight on £ 
for some irreducible bounded representation of g{A). 

Lemma 2.5. If (ni^T-Li) and {tt2,'H2) are irreducible representations with -weights Ai and A2 on 
£ , then tti = 1^2 if and only if Ai A2 . 

Proof. Suppose that Ai = A2 = A. Consider the direct sum representation tt :— tti ® TT2 on 
% := Hi ®'H2- Then f = ©£2 is 2-dimensional with p{x){v, w) = (A(x)u, \{x)w). In particular, 
we obtain yo(0°)' = M2(C) for the commutant. We conclude that 7r(0(^))' = Af2(C) (Proposi- 
tion [52Iiv)). If the representations tti and tt2 were not equivalent, then we would have obtained 
tt{q{A)Y ^ by Schur's Lemma. This shows that tti = 712- Conversely, suppose that tti ~ tt2. 
Then the intertwiner U : Hi ^ ^2 restricts to an intertwiner U\£-^: £1 ^ £2 oi the one-dimensional 
representations pi and p2, so that Ai = A2. □ 

Definition 2.6. In view of the preceding lemma, we write for the unique irreducible 

representation with (p, £") = (A,C). We call A the highest weight of tt\. 

Lemma 2.7. If X and p are inducible, then so is their sum X + ji. 

Proof. We consider the ^-representation (tt, H) with 

v. -.— Hx® and vr := vr^ 1 + 1 ® tt^. 

Then := £\ ® £^ C £ is a. one-dimensional subspace on which acts by the weight A + ^. Since 
Ho ■— U{q{A))J^ C H is a g(^)-submodule with — {Hq)^ (Proposition 12. 2( iv)). it carries an 
irreducible representation with highest weight X + p. □ 

Definition 2.8. Let ^ be a commutative involutive cia and x- A C a,n involutive character. 
Then ev^ := idiE>x- 9{A) 0(C) ^ g is an involutive algebra homomorphism. If {p,H) is a *- 
representation of g with highest weight A, then the representation Tr^^p := p o ev^ of q{A) on H is 
called an irreducible evaluation representation. This is an irreducible *-representation with highest 
weight A X- 

The proof of the following theorem builds on the main result of Section |3] (Theorem 13. 4p which 
deals with the special case g = s(2(C). 

Theorem 2.9. All functionals of the form A ® where x S is an involutive character and 
A G f)* is dominant integral, i.e., X{a) G No for a £ 11, are inducible. Conversely, any inducible 
functional is such a finite sum. 
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Proof. The definition of the evaluation representations shows that any functional of the form A(8>Xj 
X £ and A G f)* dominant integral, is inducible. Further, Lemma 12.71 implies that any sum of 
such functionals is inducible. 

We now show that any inducible functional is of this form. Suppose that A is inducible and that 
(tt, H) := (tta, Ha) is the corresponding representation of q{A). Let a G A and 

9"{A) := Qc.{A) + Q-M +a®A = 5h{A). 

Then £ is annihilated by Qa{A) and generates a 0"(^)-subrepresentation {na,'Ha)- Then 

U{3''{A))£ = U{3.a.{A))£ C£ + 7r„(0_„(^))7^, 

implies that 

£c. ■■= ni-'^^^ = Mq^c,{A))Uc.)^ = £ 

is one-dimensional, so that {'Kcn'Ha) is irreducible with £a — £. Therefore X\a®A is inducible. 
The main result of Section |3] fTheorem l3.4l) asserts that there exist finitely many pairwise different 
involutive characters xi, • • • , Xn G and rrij e No with 

N 

A(d ® a) — rrijXjia) for a E A. 

Recall that IT = {ai, . . . , a^} is the set of simple roots. Then di, . . . , is a basis of f), and we 
obtain finitely many pairwise different involutive characters Xj G and to^ e Nq with 

A(di ® a) — rriijXjia) for a G ^. 
j 

Define A^- G f)* by Xj{ai) = niij and note that Xj is dominant integral. We now have for each i 

A(di ®a) — ^(Aj g) Xj)(dj a) for a e A, 



so that A = A j Xj • ^ 
2.3 Bounded ^-representations 

The classification of inducible functionals now yields the irreducible ^-representations of q{A). 

Lemma 2.10. // xi, . . . , Xn '■ A ^ C are mutually different characters of the complex algebra A, 
then the homomorphism 

X-.A^C^, x{a):={xi{a),...,XN{a)) 

is surjective. 

Proof. This follows immediately from the fact that characters are linearly independent. □ 
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Theorem 2.11. Every bounded irreducible * -representation (tTjI-L) of q{A) is unitarily equivalent 
to a finite tensor product of irreducible evaluation representations; there exists a finite set x C 
of involutive characters, and for each x G x an irreducible ^-representation of q, such that 
TT ~ TTx^p := ^^^xPx ° ^^x- Conversely, all such representations are irreducible, and 7rx,p — tTx',p' 
if and only if x — x.' and ~ for all x G x. 

Proof. In view of Theorem 12.91 we can write the highest weight A : f) (8) ^ — C of (tt, H) in the 
form A = X^xex •^x ® where the A^^ are dominant weights and x C is a finite set of involutive 
characters of A. Then 

evx: fl'', ev{x (S) a){x) ^ x{a)x 

is a surjective homomorphism of Lie algebras (Lemma 12.101) through which all the evaluation rep- 
resentations '^x,Px fector, where p^ is the representation with highest weight A^. This implies that 
the tensor product 7rx,p = ^^ex Px°^^x defines an irreducible representation of q{A), which clearly 
has highest weight A. 

Conversely, suppose that 7rx,p — 7rx',p'. Then kerx' D rixex^'^^'X fo^' ^-U x' £ x', so that x' G ^ 
by Lemma 12.101 Similarly, we have x £ for all x G whence x' = x. It then follows from 
Lemma 12.51 and the surjectivity of evx that tt^ ~ vr^ for all x £ x. □ 

Specializing to A — C°°(X, C) if X is a compact manifold (Example ll.2f a)) and to ^ = 
{X,C)+ if X is a non-compact manifold (Example ll.2f b)). we notice that F^ ~ X, so that we 
obtain: 

Corollary 2.12. Let X be a smooth manifold. Then every bounded irreducible ^-representation 
{Tr,n) of the Frechet-Lie algebra C°°{X,i) (if X is compact) or C^iX,i) x « 5^ { C^{X,R)+ 
(if X is non-compact) is a finite tensor product tt = ®xe:x.P^ ° '^f irreducible evaluation rep- 
resentations for some finite subset x C X and irreducible * -representations px of q. Conversely, 
all such representations are irreducible, and n^.p — i^yj ,p' if and only if x = x.' and p^ — p'^ for 
all X ^ X. 

2.4 Translation to the group context 

Theorem 12.111 classifies the bounded irreducible ^-representations of q{A). We now discuss how 
these results lift to the group level, providing a complete classification of the bounded unitary 
representations of the 1-connected Lie group Kj^ with Lie algebra { ®r ^r. Here and throughout 
this section, A will be a a unital commutative involutive cia and t a compact semisimple Lie algebra. 

2.4.1 Matrix groups over cias 

We start by introducing some Lie groups related to A. 

Definition 2.13. (a) Since A is commutative, tr: qI^{A) — )■ A, (xij) ^ y^"_ homomor- 
phism of Lie algebras, so that 

s[„(^) {a; G g[„(^): tra; = 0} 
is a closed ideal which is the Lie algebra of the Lie subgroup 

SL„(^) := ker(det). 
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where det: GL„(^) is the natural determinant homomorphism (of. |Ne06[ Prop. IV. 3. 4]). 

We write SL„(^) for the unique 1-connected locahy exponential Lie group with Lie algebra slniA), 
which is the simply connected covering of the identity component SL„(^)o. 

(b) If A is involutive, then the involution extends to all matrix algebras Mn{A) by 

[xij) :— (a^jj). 

We have corresponding unitary groups and their Lie algebras 

U„(^) := {g e GL„(^) : g* = g-^} and u„(^) := {x e gl„{A) : x* = -x}. 
The closed subalgebra sUn{A) := Un{A) ns[„(^) is the Lie algebra of the Lie subgroup 

SU„(^) :=U„(^)nSL„(^). 

Hence it is the Lie algebra of a unique 1-connected Lie group, denoted SU„(^). 

Remark 2.14. (a) Let be a 1-connected compact Lie group and G := Kc its universal com- 
plexification. We write 4 C g = for their Lie algebras. Then = 4 Am is a real form 
of the complex Lie algebra q{A) = g (i)c ^4. Let Ky\, resp., G{A) be corresponding 1-connected 
locally exponential Lie groups. Then the canonical morphism rj: Kj^ — >■ G{A) for which L(r/) is 
the inclusion 6 Cg)R Am ^ ®c has the following universal property. For each smooth morphism 
a : Kj\^ — > H, where _ff is a complex Lie group with exponential function, there exists a unique 
holomorphic morphism ac '■ G{A) H with ac ° rj — a. To verify this claim, we simply have to 
integrate the complex linear extension L(a)c: g ® -4 — > L(i?) to a group homomorphism ff Ne06[ 
Thm. 4.1.19]). 

(b) For e = su„(C) and g = sl„(C) we have Ka = SU„(^) and G{A) = SL„(yt). 
2.4.2 Bounded unitary representations 

We now discuss the translation from Lie algebra to Lie group representations. 

Definition 2.15. Let G be a complex locally exponential Lie group endowed with an antiholo- 
niorphic antiautomorphism g i— > g*. A holomorphic ^-representation of G is a pair (7r,H), where 
H is a complex Hilbert space and n: G ^ GL(7{) is a holomorphic homomorphism satisfying 
7r(g*) = 7r(g)* for g G G. Then dvr: g ^ B{'H) is a bounded ^-representation of g in the sense of 
Definition O 

With Remark 12.141 we immediately obtain the following generalization of Weyl's correspondence 
between unitary representations of Kj^ and holomorphic representations of G{A): 

Proposition 2.16. Let A be a commutative involutive cia, g a semisimple complex Lie algebra with 
compact real form i, G{A) a 1-connected Lie group with Lie algebra g ®c -^j o,''^d Ka o. 1-connected 
Lie group with Lie algebra t (X>r Ar. 

If (ttcH) is a holomorphic ^-representation of G{A), then tt :— t:c o rj is a bounded uni- 
tary representation of Kj[. We thus obtain a one-to-one correspondence between holomorphic *- 
representations ttc of G{A) and bounded unitary representations tt of Kj[. 

The commutants ■n{KX)' and nciG^A))' coincide, so that tt is irreducible if and only if nc has 
this property. 
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Combining Theorem 12.111 with the preceding proposition, we obtain: 



Theorem 2.17. Let A be a commutative involutive cia. Then every bounded irreducible unitary 
representation (tt, H) of Kj( is a finite tensor product of evaluation representations corresponding 
to irreducible representations of K . In particular, % is finite- dimensional. 

Remark 2.18. Let Khea compact Lie group with Lie algebra t. Then Tychonov's Theorem implies 
that the product group ol all maps X ^ K is a. compact group. Any irreducible continuous 
unitary representation (tt, T-L) of is finite-dimensional and factors through a projection to some 
quotient Lie group K^, where x C X is a finite subset. Hence there exist irreducible unitary 
representations {px,Vx), labeled by x e x, such that '^{g) = ®xexPx{gx)- 

It now follows from Corollary 12.121 that every irreducible bounded unitary representation of 
the connected Lie group C°° {X, K)o, where X is a compact manifold, extends to a continuous 
representation of the compact group K-^ . This observation may be of some interest in the context 
of Loop Quantum Gravity where one works with compactified gauge groups of the form (cf. 
|Th08| ). As we shall see in Section 2] below, this picture changes for the group C^{X,K) when 
X is a non-compact manifold. In this case there exist bounded irreducible unitary representations 
that do not extend to the compact group . However, it turns out that they all factor through 
representations of groups of the type K'-^^ with x C X a locally finite subset. 

3 Irreducible *-representations of 5(2 (^) 

In this section we apply Theorem 11.81 on multiplicative characters to obtain a classification of the 
inducible functionals of 5(2 (-4), where ^ is a unital involutive commutative cia. We have already 
seen how this was used in Theorem 12.91 to obtain the corresponding result for tensor products 
g{A) = f-c ^ A, where € is a compact Lie algebra and = tc- Theorem 12.91 in turn led to the 
characterization of bounded irreducible ^-representations in Theorem 12.111 
Throughout this section, A will be a unital commutative involutive cia. 

3.1 The group SL2(^) 

We use the standard notation for the basis elements of 3(2 (C): 

/^:=(J e:=(^[j and f := [j) 

satisfying the relations [h,e] = 2e, [h,f] — —2/ and [e,f] — h. In the notation of Section [3J we 
have = 0+ ® 0° e 0" witlO 

= s(2(C), 0° = Ah, 0" = Ae and 0+ = Af. 

Using Gauss decomposition, we see that the identity component SL2(,4)o of the Lie group 
SIj2{A) is generated by matrices of the form 

(J 1)' (b ?)' 

^Recall that g+ is the span of the negative roots, cf. the footnote |2] 
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Indeed, this follows from 



and a e 



for aeA'. (1) 

We write q: SL2(^) SL2(^)o for the universal covering homomorphism with Li{q) — id^i2{A) s-^d 
ei2 : {A, +) Sh2{A) for the unique continuous homomorphism satisfying 

q{ei2{x)) = ^ for X e A. 

We likewise define e2i: A-^ SL2(^). For a e A^ , wc define A(a) G SL2(^) by 

A(a) := e2i(a-i - I)ei2(l)e2i(a - l)ei2(-a"') (2) 

and observe that A(l) = 1. In view of ([1]), we have g o A = A on A^ . 

This means that the restriction A : SL2 {A) to the identity component Aq is the unique 

continuous lift of the homomorphism A: — )■ SL2(^)o to the simply connected covering group 
SL2(-4), hence in particular a morphism of Lie groups (cf. |GN13| ). This in turn implies that 

A(e'') =expgL^(_^)(a/i) for a e A, (3) 

where = X^^o ^ exponential function of the Lie group ,4^ and ^xpgjr^^^^ is the expo- 

nential function of the Lie group SL2(^). 



(» ^)c.-'A(*- tor A,.,,.(° ;,) 

and 



3.2 Inducible functionals on sl2{A) 

Let (tTj'H) be a bounded irreducible ^-representation of sl2{A). We consider the closed subspace 

£ := W = n^' = ker(7r(y^e)) 

and recall from Proposition 12.21 that the representation {p, £) of 0° = Ah is one-dimensional, hence 
can be written as p[ah) — A(a)l for some X & A! . In this subsection we shall determine which 
linear functionals arise from this construction. 
To simplify notation, we now put 

G:=:SL2(^) and G" := Zg(/i) . 

In order to determine which \ & A' have the above property, we need to go to the level of Lie 
groups, i.e. we need the holomorphic ^-representation ttg : SL2(.4) — > GL('H) with d-KQ = n (cf. 
Remark [^TTi]) . 

Let P £ B{%) denote the orthogonal projection to £. Then 

^■.G^B{£), cp{g) := P7TG{g)P 

is a holomorphic function. Observe that the homomorphism A : — > G defines an isomorphism 
A: (G°)o of locally exponential complex Lie groups. 
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Lemma 3.1. With G, Lp and p as above, we have: 

(i) ^{9-99+) = 'P{9) for g £ G, g+ e ei2{A), g- G e2i{A). 

(ii) Pa = ^\g" '■ ^ G\j(£) is a representation with dpQ = p. 

(iii) ip{K{e^)) — pGiexp{xh)) for x e A. 

(iv) The group homomorphism pc ° A : — > GL(f) extends to a polynomial function F: A ^ 
B{£). 

Proof. We prove the above point by point. 

(i) By definition, the elements of £ are fixed by ei2{A), so that (p{gg+) = (p{g) for g € G and 
g+ G ei2{A). From (p{g)* = ^{g*) and ei2(-4)* = e2i(^), we now have (i). 

(ii) As TrciG^) normalizes g^, it preserves £, and this proves (ii). 

(iii) follows from (ii) and ([3]). 

(iv) From (i) and the definition of A, we derive 

ip{A{a)) = ¥'(ei2(l)e2i(a - 1)) = P7rG(ei2(l)e2i(a - 1))P = Pe-(^)e"«'^-i)/)p. 

That this function is polynomial in a follows from the existence of a natural number iV G N 
with Tr{Af)^ = {0} (Proposition [2^iii)). 

□ 

Proposition 3.2. For sl2{ A), any inducible functional X: A ^ C is a finite sum of characters. 
Any finite sum of involutive characters is inducible. 

Proof. Since P is a polynomial map to B{£) = C and F{ab) — F{a)F{b) holds for a, 6 G = e^, 
analytic continuation implies that F{ab) = F{a)F{b) for a,b d A. On the other hand, F{e^) = e^'^^^ 
for X G A. Now Corollary 11.91 implies the existence of xit--tXn & with F = Hj^iXj- 
Differentiating in 1, we obtain 

A = Xi + • • ■ + XAf- 

For the converse, we only have to show that any involutive character x is inducible (cf. Lemma |2.7|) . 
This follows from the fact that ev^ : sl2{A) — s> s[2(C) C gl2(C) is a 2-dimensional ^-representation 
with highest weight A = x- ^ 

Remark 3.3. Every inducible character is involutive. Indeed, suppose that x^ C is a non- 

involutive character. The pair (XjX*) then defines a surjective homomorphism 

ev: s[2(^) ^s[2(D) =s[2(C)es[2(C), 

where the involution on D = is given by (zi,Z2)* = (z2, zT) (cf. Remark 11.71 and Lemma ETTU]) . 
Then s[2(D) ^ sl2(C)^, but the corresponding real form is 

SU2(©) = SU2(C) (»R Dm = (su2(C) ® (1, 1)) ® (su2(C) (i, -i)) = {{z, -z*) : z G s(2(C)}. 

As a real Lie algebra, we thus obtain SU2(ID') = sl2{C), which is a simple real Lie algebra with no 
non-zero bounded unitary representation. This means that x is not inducible. 
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The following theorem closes the gap in the characterization of inducible functionals in Propo- 
sition 13.21 

Theorem 3.4. Forsl2{A), any inducible functional X: A C is a finite sum of involutive algebra 
characters. Conversely, any such sum is inducible. 

Proof. In view of Proposition l3.21 it only remains to show that, if a functional A is inducible and a 
finite sum of characters, then it can be written as a finite sum of involutive characters. 

Let {ttxjHx) be the irreducible ^-representation of s[2(^) with highest weight A and unit highest 
weight vector v\ spanning £x. According to Proposition l3.2[ we then have 

A = xi H \-XN with Xj e . 

We rewrite 

A^miXiH \-mkXk, Xj^^A^mjeNo, 

where the Xj ^re pairwise different, hence linearly independent in the dual space A'. Since A = A*, 
the relation 

mixi H h mkXk = mixl H ^ ^kxl 

implies the existence of an involution a G Sk with Xj — Xct(j) for j ~ 1, . . . , k. If a{j) = j, then Xj 
is involutive; if cr(j) ^ j, then Xj — Xcr(j)- It follows in particular that nij — m^f^jy We may thus 
write 

e n 

where the rjj are involutive and / 7*. This shows in particular that the ideal 

N 

I := Pi ker Xj = Pi ker n Q (ker 7^- n ker 7* ) (4) 

is *-invariant. Since e®I C g^, the Lie algebra e^I + h®I annihilates v\. This implies that the 
linear functional a{X) := {■k\{X)v\^vx) satisfies 5\2{I) C ker a. Next we observe that, for a £ X, 

h\{f®a)vxf = {Tr\{f ® ay-Kxif ® a)vx,vx) = {t^MJ ® a)* , f ® a])vx,vx) G a(s[2(X)) = {0}, 

whence v\ G 'H^^^^'''\ Since sl2(I) ^ 5l2{A) is an ideal, the subspace H^'^^'^'* is invariant under 
5i2{A). As it contains the cyclic vector v\^ it follows that s\2{I) ^ kerTr^ (cf. |NeOO[ Lemma IX. 1.3] 
for similar arguments). Therefore the representation tta factors through a representation Tf\ of the 
involutive quotient algebra 5\2{A/X). We now have to understand the structure of this algebra. 

With (|4|) and Lemma [2. 10) we see that codimX = £ -I- 2n. Accordingly, A/I is isomorphic to 
the algebra ® D" with the involution 

(xi, . . . . . . ,y„,zi, . . .,Zn)* = . . . ,x7,zr, . . . ,^,yr, . . . 

We thus obtain 

SU2(^/I) ^SU2(C)^®S[2(C)" 

(cf. Remark 13. 3p . Since s[2(C) has no non-zero bounded ^-representations, tta is trivial on the 
corresponding factors, and this in turn implies that n = 0. □ 
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4 Lie algebras of smooth sections 



Building on Corollary I2.12[ we now extend our classification results to Lie algebras of smooth 
sections of Lie algebra bundles ^ — )■ X, where the typical fiber f of ^ is compact semisimple, and 
X is a cr-compact smooth manifold with compact boundary dX. This includes in particular the 
Frechet-Lie algebras gou(P) of infinitesimal gauge transformations of principal bundles P ^ X 
with compact semisimple structure group K. 

4.1 Lie algebra bundles 

Let q: K X he a smooth Lie algebra bundle over X whose typical fiber 4 is a finite-dimensional 
Lie algebra. Let T{K) denote the space of sections s: X —i' M. that are smooth on the interior 
X°, and whose derivatives extend continuously to the boundary. We endow r(.S) with the smooth 
compact open topology obtained from the embedding 

neNo 

and the compact open topology on the spaces C{T^X,T"M). This turns into a Frechet-Lie 

algebra with respect to the pointwise bracket 

[si,S2]{x) := [si{x),S2{x)] 

(cf. [Ne06l Thm. IL2.7]). 

We write X = UnGN-^n, where Xn is a compact submanifold with boundary, X = IJn"^" 
and Xn C X°_^_-^ for n G N. (This is possible because we required dX to be compact.) We also 
put ■= ^\x„ ctud observe that the restriction map r„ : T{A) T{Kn) is surjective for every n 
(cf. |Wo06) ). Therefore the embedding 

r{K) hm r{Kn) 

is a continuous bijective linear map between Frechet spaces, hence a topological isomorphism by 
the Open Mapping Theorem (cf. jRuQlj ). 

The space Tc{M.) of compactly supported smooth functions is the union of the closed ideals 

T{Si)x„ ■■= {s e r{R): supp(s) C X„} < T{Si) 

which are Frechet spaces. We endow Tc{K) = lim T{A)x„ with the corresponding locally convex 

direct limit topology which turns it into an LF-Lie algebra, i.e., an LF-space with a continuous Lie 
bracket ( \G\M Cor. F.24, Rem. F.28]). 

The following proposition reduces the problem of describing the bounded unitary representations 
of r(.ft) to the case where X is a compact manifold with boundary. 

Proposition 4.1. For every bounded unitary representation {■n,'H) of the Frechet-Lie algebra 
there exists a compact submanifold Y (~ X with boundary and a bounded unitary representation 
(7f,H) ofT{^\Y) such that 7r(s) = 'W{s\y) for every s £ r(.S). 
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Proof. Since r(^) is the projective limit of the Prechet spaces r(^), there exists an n € N and a 
continuous seminorm p on r(A^) such that 

Ms)\\<pis\xJ for sGr(j^). 

This impUes that tt vanishes on the kernel of the restriction map r„, and since r„ is a quotient map, 
the assertion follows with Y = X„. □ 

Remark 4.2. Suppose that i is compact. Let { = 3(6) © [£,4] denote the decomposition of { into 
center and the semisimple commutator algebra. Since this decomposition is invariant under the 
full automorphism group Aut({), it induces a direct sum decomposition R = Z{R) ® [A,^ of Lie 
algebra bundles, which in turn leads to 

r(j?) 9^ T{Z{M.))®T{[K,R]). 

If (tt,^) is a bounded factor representation of r{A), then n{r{Z{A))) C Z(7r(r(J^))") = CI. 
Therefore the representation tt is a tensor product of a one-dimensional unitary representation of 
the abelian Lie algebra r{Z{K)) and a factor representation of r([.S, .S]). Since every continuous 
linear map A: r{Z{A)) iR defines a one-dimensional unitary representation, the classification of 
bounded factor representations of T{R) reduces to the corresponding problem for r([.ft, .ft]). 

Example 4.3. (a) Typically, Lie algebra bundles arise as A := Ad(P) for a smooth i^-principal 

bundle q: P ^ X, where X is a Lie group with Lie algebra J. The adjoint bundle Ad(P) := 
P XAd 4 ^ AT is the orbit space of the action K r\ P x i defined by k ■ (p, x) := {pk~^ , Ad{k)x). 

The group of vertical bundle automorphisms of P is called the gauge group Gau(P). It is a 
locally convex Lie group if M is compact. Each gauge transformation g G Gau(P) is of the form 
g{p) = pg{p) with g e C°°{P, K)^ , i.e. g{pk) = k~^g{p)k for all p € P,k € K. The map g i-^g is 
an isomorphism of locally exponential Lie groups Gau(P) — >■ C°°{P,K)^ . Accordingly, we obtain 
an isomorphism of Lie algebras 

0au(P) = r(Ad(P)) ^ C°°(P,«)^ := {/ e C°°(P,e): (Vp G P,fc G K)f{pk) = Ad(fc)-VW}- 

(b) If p: AT — )■ U(y) is a continuous finite-dimensional unitary representation of K, then we 
obtain an associated vector bundle Y := P XpV as the orbit space of the action K r\ P xV defined 
by k ■ {p,v) := {pk^^ , p{k)v) . As in the case of the adjoint bundle, one identifies sections s G r(V) 
with equivariant functions s G C°°{P, V)^ . 

The gauge group Gau(P) acts on V by bundle automorphisms via 

g-\p,v] := [g{p),v] = \pg{p),v] = \p, p(g{p))v]. 

For any Radon measure on X, we obtain on the space r(V) of smooth sections of V a scalar 
product by 

(s,<) := / {s{x),t{x))dfi{x). 
Jx 

On the Hilbert completion r^(V, /x) of r(V), this yields a unitary representation of Gau(P) by 
{g ■ s){x) := g ■ s{x). If s is identified with s G C'^{P,V)^ , this reads {g-s){p) = p{g{p))s{p). 
If X is compact, then this representation Gau(P) — >■ U(r^(V, /u)) is norm continuous, and the 
corresponding derived representation 

(e.5)(p)=dp(e(p))s(p) 
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is a bounded unitary representation of gou(P). 

Since the commutant of this representation always contains the multipUcations with elements of 
L°° {X, yu), it is irreducible if and only if V is irreducible, and ^ is non-zero and supported in a single 
point xq G X. Fix po G P with q{pQ) — xq. Then r^(V, /u) V, s i— )■ s^(po) is a unitary equivalence 
intertwining the representation of Gau(P) on r^(V, /z) with the evaluation representation on V by 
■^Poig) ■= PigiPo))- 

4.2 Local structure of irreducible bounded representations 

We proceed with the classification of irreducible bounded unitary representations in terms of evalu- 
ation representations. We aim to prove that they are tensor products of evaluation representations. 
In order to do this, we investigate the local structure of bounded unitary representations. 

Definition 4.4. Let x G X and let (p, V) be a bounded representation of — £• Then tt{s) 
p{s{x)) defines a bounded unitary representation ofT{K). We call these representations evaluation 
representations. Note that tt is irreducible if and only if p is. 

Remark 4.5. In view of the paracompactness of X, there exists a locally finite open covering 
{Uj)j^,j by relatively compact subsets Uj C X for which R is trivial on an open neighborhood 
of Uj . Then the space Tc {A\ u- ) of sections of R with support contained in Uj is isomorphic to 
C^{Uj, i) and a partition of unitary argument shows that 

where the rc(.^|;7^) are ideals isomorphic to C^{Uj,t). 

Lemma 4.6. 7/5 is perfect, i.e. t — then also Tc{^) is perfect. 

Proof. Since Td^) is a sum of subalgebras of the form C^{X,i) (Remark 14. 51) . it suffices to show 
that C^(X, {) ~ C^{X,R) (g)R 4 is perfect for every smooth manifold X. Since 6 is perfect, every 
X G i can be written as x = ^'j^ilVj, Zj] with yj,Zj G t. For / G C^(X,]R), we choose a function 
X G C^iX.R) with xlsupp(/) - 1. Then 

fc k 

^[Vj X, Zj «) /] = X^ty^' ®xf ^x® f 

shows that C'^{X,t) is perfect. □ 

Note that the above lemma applies in particular to compact semisimple Lie algebras which are 
automatically perfect. 

Lemma 4.7. Let {p^H) be a finite tensor product of irreducible evaluation representations at differ- 
ent points for an ideal Tc{M.\u) (U G X open) ofTd^. Then {p,'H) extends uniquely to a bounded 
unitary representation {j},'H) ofTc{^ on the same space. It is again a finite tensor product of 
irreducible evaluation representations at different points 
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Proof. Since p is a finite tensor product of evaluation representations, the existence of the extension 
follows from the obvious extensions of evaluation representations. 

To see that the extension is unique, note that a finite tensor product of irreducible evaluation 
representations is itself irreducible, provided that one evaluates at different points x X. Now 
suppose that p and p are two extensions of p. Then, for each x € Tc{^), the operator p{x) — 'p{x) 
commutes with p{Tc{^\uj))i so that Schur's Lemma implies that it is of the form a{x)l for some 
a{x) G iM. Then a: Tc{^) — > M is a one-dimensional representation, hence vanishes on all brackets. 
As Tc{^ is perfect by Lemma [4.61 a = 0, and therefore p = p. □ 

Lemma 4.8. Let q he a Lie algebra and n < g &e an ideal. Suppose that tt: g — 5- u('H) is a unitary 
factor representation. Then 

(i) 7r|n is a factor representation. 

(ii) // 7r|n is a type I representation, i.e., a multiple of an irreducible representation {p,V), and 

if p extends to a hounded irreducible representation {7:2 ,'H) of g, then there exists a bounded 
representation (7ri,Hi) of Q such that tt = tti CS) 7r2 and n C kervri. Then tti is a factor 
representation which is irreducible if and only if tt is irreducible. 

Proof, (i) Let A4 7r(n)" C B{T-C) denote the bicommutant of 7r(n). The fact that n < g is an ideal 
implies that M is invariant under ad(7r(g)), so that we obtain for each a: G g a derivation ad(7r(x)) 
of AA. Since every derivation of a von Neumann algebra is inner ( ITaOSl Thm. XI.3.5]), ad(7r(g)) 
annihilates the center of M, so that Z{M) C 7r(g)'. On the other hand Z[M.) C C 7r(g)", so 
that Z{AA) C Z(7r(g)") = CI since 7r(g)" is a factor. We conclude that M is also a factor. 

(ii) If Ai is of type I, there exists an irreducible bounded unitary representation (p, H2) of n and 
a Hilbert space T-Li (the multiplicity space) such that % = %i®%2 and 7r|n = ® P- Extending 
the irreducible representation p to a representation 1:2 of g on 7^2, we obtain the representation 
7r2 := 1 ® 7i'2 of g on H = Hi 07^2 which coincides on n with tt. For each a; G g, the operator 

ii(x) tt{x) - TT2{x) 

commutes with 7r(n) with generates the von Neumann algebra Ad = 1® B{%2). Therefore 

TTi{x) = 7ri(a;) (g) 1 G B(Hi) ® 1^2 for some 7ri{x) G B{Ui), 
which implies in particular that tti [x] commutes with 7r2 (g) • This leads to 

Tt{x) = TTl (x) ® 1 + 1 (g) TT2{x), 

i.e., TT = TTl (g) 772 . NoW 

7r(g)' C 7r(n)' = (1 ® M)' = B(Hi) ® 1 

leads to 

^(g)' = 7r(g)' n (B(Hi) 1) = ^i(g)' ® 1 ^ 7ri(g)', 

and further to 

7r(g)"-7ri(g)"®S(-W2). 

We conclude that 

Cl = Z(^(g)") =Z(7ri(g)")®l, 

so that TTi is a factor representation. We also see with Schur's Lemma that tt is irreducible if and 
only if TTi is irreducible. □ 



24 



Lemma 4.9. Suppose that t is compact semisimple. Let (7r,H) be a bounded unitary factor (irre- 
ducible) representation ofTd^) and U C X an open relatively compact subset for which the bundle 
^ is trivial on an open neighborhood V of U. Then the following assertions hold: 

(i) The restriction of tt to the ideal n :~ Tc{A\u) — C^{U,t) extends to a representation of the 

topological Lie algebra C^iU,t) >^ « = £ (8)r C^{U)+. 

(ii) There exists a bounded factor (irreducible) representation (ttij'Hi) ofTc{M.) and a finite tensor 

product (772,^2) of irreducible evaluation representations at different points such that tt = 
TTi ® TT2 and n C ker tti . 

Proof. Let A4 :— 7r(n)" C B{H) denote the bicommutant of 7r(n). In view of Lemma [4.81 this is a 
factor. If 7r(n) = {0}, there is nothing to show. We may therefore assume that n ^ kervr. Since 
n < := Tc{A) is an ideal, we obtain a homomorphism 

a: g ^ der,(7W), a{s){A) -.^ [n{s), A]. 

Since every derivation of a von Neumann algebra is inner ( jTa03[ Thm. XI. 3. 5]), der(A4) = 
^4/Z{Ai) as Banach-Lie algebras. This in turn implies that the ^-derivations of A4 are induced 
by elements in u{M) {A e M : A* -A}, i.e., 

dei,{M) := {D e dei{M): (VA/ e M) D{M*) = D{M)*} = u{M)/Z{u{M)). 

Let h G C^{V,M.) be such that h\u = 1. For x Et and the corresponding section 

x'»het®c^{v,R)^c^{v,i) rc(j^|y) c r,(j?) 

we then have 

a(x«)/i)7r(s) = 7r([x, s]), seCc{U,i). (5) 
In particular, a{x (E) h) does not depend on the choice of h, which leads to a homomorphism 

a : t — >■ der,(A^), xi-^a{x®h). 

The puUback along a of the central extension 

u{Z{M)) uiM) dev^M) 

yields a u(Z(A1))-valued 2-cocycle on i, which is trivial because t is semisimple. We conclude that 
there exists a homomorphism 

a:t^u{J^) with a{x) = a,d{a{x)) for x € i. 

Then 5 is a bounded unitary representation of t. Because of ([5|). 

7f : n+ Cc{U, «) x « ^ u(7U) C u(7^), (s, a;) 7r(s) + a{x) 

defines a bounded unitary representation whose range lies in u(A^). 

Let A :— C*(7f(n+)) C B{'H) denote the C*-algebra generated by 7f(n+). Then every irre- 
ducible representation (ck,J^) of A defines a bounded irreducible representation of n+, hence is 
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finite-dimensional by Corollary 12.121 In particular, the image of A in every irreducible represen- 
tation contains the compact operators, so that A is type I f |Sa67) V We conclude that the factor 
A4 ~ A" is of type I and that 7f is a factor representation of type I, hence a multiple of some 
irreducible representation (p, V) whose restriction {p, V) to n is also irreducible. Now p is a finite 
tensor product of irreducible evaluation representations in difi^erent points for t (g) C^{U,M.)+ (cf. 
Theorem 12. lip , and since the restriction to n is irreducible, none of the corresponding characters 
of C^(?7,R)+ vanishes on the ideal C^{U,R). Hence they are given by evaluations in points of 
U (Example II. 2[) . In view of Lemma 14.71 p extends uniquely to an irreducible bounded unitary 
representation {tt2,'H2) of g. Now Lemma l4!8l ii) applies and the assertion follows. □ 

Theorem 4.10. Suppose that X is a smooth manifold with compact boundary and that A X is a 
smooth Lie algebra bundle whose typical fiber t is a compact semisimple Lie algebra. Let C Q X be 
a compact subset and let (tt,?^) be a bounded unitary factor (irreducible) representation ofTc{A). 
Then there exists a bounded factor (irreducible) representation (7ri,?^i) and a finite tensor product 
(7r2, 7/2) of irreducible evaluation representations in different points for Tc{A) such that vr = tti (X'7r2 
and r(i?)c = {s G T{A) : supp(s) C C} C kerTTi. 

Proof. Let {Uj)jej be as in Remark 14.51 Since C is compact and the covering (Uj) is locally finite, 
the set F := {j E J : Uj n C ^ 0} is finite and we may w.l.o.g. assume that F — {1, . . . , N}. Then 
" ■= J2jeF9j is id'^al of := ^ci^i), where Qj := TdAlu,) = C^{Uj,t). From C C [j^^p Uj it 
follows that supp(s) C C implies s G n. 

If n C kerTT, we put tti := tt, and there is nothing to show. If this is not the case, there exists 
a minimal j £ F for which Qj ^ kerTr. Then Lemma 14.91 leads to a tensor product decomposition 
TT = pj®p'j, where pj vanishes on "YliiKj 9j ^^'^ Pjlaj ^ finite tensor product of irreducible evaluation 
representations in different points, hence in particular irreducible. If n ^ ker pj, we apply the same 
argument to pj, where j' £ {i G F : i > j} is now minimal with gj' ^ kcrpj. After at most N 
steps, we arrive at a factorization tt = ni (E> 7^2, where tti vanishes on n and 1:2 is a finite tensor 
product of irreducible evaluation representations. Because pj vanishes on X]i<j 9j^ points 
that one obtains at each step cannot coincide with points that one already had. This completes the 
proof. □ 

4.3 Classification of irreducible bounded representations 

Using the preceding theorem on the representations of Tc{K), we can now prove our main result 
on the Frechet-Lie algebra r{A) of all smooth sections. In particular, it shows that all irreducible 
bounded unitary representations are finite-dimensional. 

Theorem 4.11. Suppose that X is a smooth manifold with compact boundary and that A X 
is a smooth Lie algebra bundle whose typical fiber t is a compact semisimple Lie algebra. Then 
every bounded irreducible unitary representation tt of T{A) is equivalent to a finite tensor product 
of irreducible evaluation representations at different points. That is, there exists a finite subset 
X C X and irreducible representations px of Kx such that tt ~ VTx.p := ^^exP^ ° ^'^x- Two such 
representations ir^.p and 7rx',p' are equivalent if and only if x. = x' and px — p'x for all a; G x. 

Proof. In view of Proposition l4.1[ we may w.l.o.g. assume that X is compact. Then tt ~ ir^.p follows 
from the preceding theorem with C = X. Since the evaluation map evxux' : r(.^) ®xexux' 
is surjective, TTx.p — 7rx',p' implies x = x', as well as px — p'x- D 
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We now consider the Lie algebra g = Tc{^) for a non-compact manifold X. For every bounded 
factor representation (tt, H) of q and every compact equidimensional submanifold Y Q X with 
boundary, we have seen in Theorem 14.101 that there exists a factorization n — tti (x) 7:2 for which 
r(.S)i' C kerTTi, and 7r2 is a finite tensor product of evaluation representations ^^^^ Px oev^;, where 
{px^Vx) are irreducible representations of the Lie algebras ^=1. Therefore 

c*{iT{m)Y)) = c*{n2{m)Y)). 

We may then assume w.l.o.g. that x C which further implies that 7r2(r(.^)y) ^ ®xeyiPx{^x)^ 
and thus 

C*(^2(r(i?)y)) -(g)B(K). 

Since X is tr-compact, X = Un^" wMh Yn C Y^^^ and 1^ is a compact submanifold with 
boundary, so we can iterate the preceding construction. Therefore Tc{A) — 1J„ T{M)y^ implies the 
existence of a locally finite subset x C X such that 

C*(^(rc(i?))) =hniC7*(^(r(J?)yJ) -hm (g) B{Vx)=:(^^^^B{Vx), 

xexnY^ 

where the second limit is the direct limit of the net of C*-algebras (S'lexny? B{Vx) over the directed 
system of finite subsets x n Y^ of x, i.e., the norm completion of the algebraic limit. Defining 




we obtain for every x a canonical inclusion Lx : B{Vx) ^ Ax.p- 

Conversely, for every locally finite subset x C X with corresponding irreducible unitary repre- 
sentations Px of ^x , we obtain a Lie algebra homomorphism 

??x,p: rc(J?) ^x,p, s h-> ^ o p^(s(a;)) (6) 

whose image generates a dense subalgebra. (The sum only has finitely many terms.) 

The preceding discussion now leads to the following theorem which describes the bounded irre- 
ducible and factor representations of the LF-Lie algebra TdM.) in terms of irreducible representa- 
tions of the C*-algebras v4x,p. It reduces all Lie theoretic issues concerning these representation to 
questions concerning C*- algebras. 

Theorem 4.12. Suppose that X is a smooth manifold with compact boundary and that K ^ X 
is a smooth Lie algebra bundle whose typical fiber t is a compact semisimple Lie algebra. For 
every bounded unitary factor (irreducible) representation {'k,'H) ofTc{^), there exists a locally finite 
subset X C X, irreducible representations px of Ax corresponding to x € :x., and a unique factor 
(irreducible) representation /3: Ax,p — ^ B{H) with tt ~ /3 o r/x,p. Conversely, every representation 
of the type (/3o?7x,p,^) is a bounded factor (irreducible) representation. Two such representations 
are equivalent, /3 o r/x.p ~ /?' o rj^i^pi , if and only i/ x = x', px — p'x for all a; G x, and /3 ~ /?'. 

Remark 4.13. The algebra Ax,p is a so-called UHF (ultra hyperfinite) C*-algebra. These algebras 
have been classified by Glimm in jGli60| . where one also finds a characterization of their pure states. 
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Even stronger results were obtained later by Powers in |Po67) , where he shows that the automor- 
phism group acts transitively on the set of pure states, so that every irreducible representation is a 
twist (by an automorphism) of an infinite tensor product of irreducible representations. Together 
with these results, Theorem 14 . 1 21 provides a complete description of the bounded irreducible unitary 
representations of Tc{A). 

Example 4.14. If ^ = ^^ex^i^^) UHF C*-algebra, then typical examples of irreducible 

representations are the infinite tensor products (S>xexiVx,Vx), where Vx G T4 is a unit vector. 
All these representations are irreducible ( |Sam911 Prop. 5.2.1]; see also |Sa71[ Prop. 4.4.3]), but 
they do not exhaust all irreducible representations. The restriction of these representations to 
the canonical maximal abelian subalgebras is multiplicity free. This is not true for all irreducible 
unitary representations (cf. |Sam91[ Sect. 5.2]). Two such infinite tensor product representations 
corresponding to the sequences (vx) and (wx) of unit vectors are unitarily equivalent if and only if 



( [SamQll Prop. 5. 2. 2]). In particular, there exist infinitely many non-equivalent irreducible unitary 
representations. The above condition is equivalent to 



since the natural metric on the projective space P(ya;) satisfies d{[v], [w])'^ — 2(1 — |(z;,w)|) ( |Nel21 
Lemma 3.2]). 

4.4 Translation to the group context 

We have carried out our classification of the bounded unitary representations on the Lie algebra 
level, which is equivalent to working with the corresponding 1-connected groups. However, some 
natural mapping groups, such as G := C°° {X, K), where X is compact (take f.i. X — S^) and K is 
a 1-connected compact group, arc neither connected nor simply connected. 

Let P ^ X he a principal X-bundle over a compact space X, with K compact semisimple. 
Since every irreducible bounded representation of r(Ad(P)) is a finite tensor product of irreducible 
evaluation representations and every irreducible evaluation representation obviously integrates to 
a representation of Gau(P), all bounded unitary representations do. They actually factor through 
quotient homomorphisms Gau(P) fl^ex Gau(P|2;), given by evaluation in the finite subset x C X. 
Each factor Gau(P|2;) is isomorphic to K, so Hxex Gau(P|a;) is isomorphic to the 1-connected group 
K^. In particular, the group 7ro(Gau(P)) acts trivially on the set Gau(P)o'' of equivalence classes 
of bounded irreducible unitary representations of the identity component Gau(P)o. If Gau(P) is 
not connected, then a bounded irreducible unitary representation is not determined by its derived 
Lie algebra representation. In this context however, we do have the following theorem: 

Theorem 4.15. Every irreducible bounded unitary representation o/Gau(P) is equivalent to 7ri®7r2, 
where tti is a finite tensor product of irreducible evaluation representations at different points, and 
772 comes from an irreducible unitary representation of the discrete group 7ro(Gau(P)). Conversely, 
any such tensor product is irreducible. 




oo 
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Proof. We set G := Gau(P). Let A := C*{n{Goj) = C*(d7r(0)) C B{n) denote the C*-algebra 
generated by 7r(G'o). Then every irreducible representation {3 of A defines a bounded unitary 
representation of Go, hence is finite-dimensional. In particular, the image of A in every irreducible 
representation contains the compact operators, so that A is type I ([Sa67])- The group G acts by 
conjugation on A but we have already seen above that its action on the space A of equivalence 
classes of irreducible representations of A is trivial. 

Since H and A are separable and A is of type I, the representation of ^ on H has a canonical 
direct integral decomposition 

H = I 'Hadfj.{a)= ^ / HadpLn{a) 

for a measure fi on A which is a sum of disjoint measures := fi\^ , n £ NU{oo}, where 

(-4.„)„gNu{oo} is a measurable partition of ^, and for which the representation on Ha, a € Am is an 
n-fold multiple of an irreducible representation of type a ( |Dix771 Thm. 8.6.6]). Here the measure 
classes [/in], n G NU {oo}, are uniquely determined by the representation. Since G acts trivially on 
A, it preserves all these measure classes. Therefore the irreducibility of the representation implies 
that only one of these measures is non-zero, and that this measure is ergodic for the G-action on 
A, hence a point measure because the action is trivial. Therefore ttIgq is a factor representation 
of type I, hence a multiple of a tensor product of irreducible evaluation representations at different 
points. This implies that tt = tti (8) , where tti is a finite tensor product of irreducible evaluation 
representations at different points, and 1^2 vanishes on Gq, hence defines an irreducible unitary 
representation of the discrete group 7ro(G). Conversely, any such tensor product is irreducible. □ 



5 Noncompact fibers and projective representations 

In this section we show that the problem of classifying bounded irreducible projective unitary 
representations 7f : Vc{^ — >■ pu('H), where the typical fiber t oi Ris an arbitrary finite-dimensional 
real Lie algebra, reduces to Theorems I4.11l and l4.12l This justifies our assumptions that € is compact 
semisimple and that tt: Tc{^) — J> u('H) is a linear representation. 

We start with the observation that a finite-dimensional Lie algebra t is compact if and only if its 
adjoint group (e'*'^') is relatively compact in GL(£), which in turn is equivalent to the existence of 
an adjoint invariant norm on {. Next we observe that every finite-dimensional Lie algebra { contains 
a unique minimal ideal n <! 4 for which J/n is compact. This is a direct consequence of the fact that 
direct sums and subalgebras of compact Lie algebras are compact, which implies that the set of all 
ideals with compact quotients is filtered. 

Proposition 5.1. Let A be a real commutative associative locally convex algebra and let p be a 
bounded seminorm ont®A which is invariant under e***^ ' . Let n < i be the minimal ideal for which 
i/n is a compact Lie algebra. Then A C p~^(0). 

Proof. Let g = ? Cg) For each a A we consider the seminorm Pa{x) := p{x a) on t. Since the 
map t^t(!S)A, x'-^x(i)ais t-equi variant, the seminorm pa on t is invariant. Therefore Pa induces 
on the quotient t/p~^{0) an invariant norm, so that this Lie algebra is compact. This implies that 
n ^ Pa^(O), and hence that n(g)AC p~^{0). □ 
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Corollary 5.2. Let p be a bounded seminorm on C°°(X, {) or C^{X,t), which is invariant under 
the adjoint action and let n ^ t be the minimal ideal for which t/n is a compact Lie algebra. Then 
C°°(X, n) and C^(X, n), respectively, are contained in the closed ideal p~^{0). 

Proof. The Lie algebra C°° {X, t) is covered by the preceding proposition because C°° {X, M) is 
unital, so that i = t®lCt®A. 

For A = (X, M) , we fix a compact subset F C X and consider the subalgebra 

Ay :=C°°(X,K)y :={/gC°°(X,K): supp(/) C F}. 

Let X e C^{X,R) with x\y = 1- For a; e { we then have 

ad(a; (g) x){y ® a) = [x, y]®a for a G Ay- 

Therefore the restriction oi p to Ay is invariant under e'^'^ ' , so that the assertion follows from 
Proposition 15. II □ 

Corollary 5.3. Let M. ^ X be a t-Lie algebra bundle, where t is a finite- dimensional real Lie 
algebra, let n <i t be the minimal ideal for which t/n is a compact Lie algebra, and let ^ C R 
be the corresponding subbundle. If If: Tc{A) — puiTi) is a projective unitary representation, then 
Tci^) C kerTf. 

Proof. Since the operator norm on u('H) is invariant under the adjoint action of U(7^), it induces on 
the Banach-Lie algebra pu(?^) = u(H)/iRl a norm which is also invariant under the adjoint action. 
Therefore p(s) := ||7f(s)|| is an invariant seminorm on TdA). We have to show that rc(^Jl) C p^^{0). 

In view of Remark H31 Tc{A) is a sum of ideals of the form Td^lu) — C^{U,i), where A\u is 
trivial. It therefore suffices to observe that Corollarv l5.2l implies C^{U, n) = Tc{'\ft\u) ^ P~^(0). □ 

The preceding corollary shows that, for the sake of classifying bounded projective unitary rep- 
resentations of the Lie algebra Tc{^), we may w.l.o.g. assume that i is compact. As the following 
theorem shows, the corresponding cocycles must be trivial. 

Theorem 5.4. If K is a bundle of Lie algebras with compact fiber, then every bounded projective 
unitary representation ofTc{M.) lifts to a bounded unitary representation. 

Proof. Let tt: Tc{K) u(7{) be a bounded projective representation. Then there exists a cocycle 
w: Tc{^) X Tci^) M such that tt is a unitary representation of Mc ^c{^) mapping c to il. 
As the decomposition t = © [4,6] is Aut(£)-invariant, it leads to a corresponding direct sum 
K = Z{R) © [J^, J?] of Lie algebra bundles, and hence to TdSi) = TdiiM)) © Tci[Si, j^]). 

First of all, we show that uj vanishes on Tc{2i{A)) x rc(3(.S)). Indeed, for all z,z' € Td'ii^^)), tt 
defines a bounded representation of the at most 2-step nilpotent Lie algebra spanned by z, z' and 
c, and thus vanishes on [z, z'] — a;(z, z')c. This implies that Loi^z, z') = 0. Furthermore, the cocycle 
property implies that uj{z, [^,ri]) = for all z G Tc{i{A)) and ^,77 G Tc{R), so that we may assume 
w.l.o.g. that t is compact semisimple. 

Let V :— 5'^ (.ft) /(ad (.ft) • S'^(.ft)), k: .ft x .ft — > V be the universal invariant symmetric bilinear 
bundle map. Then V is a flat bundle, hence carries a canonical differential d : r(V) fl^{X, V). We 
know from [JW10| that there exists a Lie connection V on .ft and a continuous linear functional A 
on i}l{M,Y) vanishing on drc(V), such that w is cohomologous to the cocycle {^,r]) n- X{k{£,, Vij)). 
Suppose that A 7^ 0. Then there exists a 7 G riJ(Af, V) with A(7) ^ 0. We may assume w.l.o.g. 
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that 7 is supported in an open set U C M over which A (and thus V) can be trivialized. Using this 
triviahzation, we write 7 = fjdgj K{Xj,Yj). By polarization, we may assume that Xj = Yj, 
so that we find f ® X and g ® X with A(«;(/ (g) X, (g) X)) ^0. As tt defines a bounded unitary 
representation of the 2-step nilpotent Lie algebra spanned by f (E) X, g ® X and c, we must have 
A(k(/ ® X, Vg (E) X)) = 0, contradicting our hypothesis. This means that w is a coboundary, and 
TT lifts to a bounded unitary representation of Tc{A). □ 

By Remark 14. 2 [ we may assume w.l.o.g. that i is compact semisimple, which renders Theorems 
I4TT] and KT2\ applicable. 

6 Boundary conditions and non-unital algebras 

In this final section we discuss Lie algebras of the form — t ®r Am for A non-unital, and Lie 
algebras of sections of K that satisfy vanishing conditions at the boundary of X. 

First we show that, for A — £^(N,C) (with the pointwise product), the Lie algebra 4^ has 
infinite-dimensional bounded irreducible representations fSubscction 16. ip . We aready know from 
Section H] that this is the case for A = C^{X,M.), where X is a non-compact manifold, but the 
case of ^^(N,C) shows that this also happens for Banach algebras. In view of this observation, 
it is remarkable that this phenomenon does not occur for non-unital C*-algebras, as we show in 
Subsection 16.21 Given these two classes of examples, one expects that, for a Banach algebra A 
with ^^(N,C) C ^ C co(N, C), a mixture of the "tame" behavior of co(N,C), where all irreducible 
representations are finite-dimensional, and the "wild" behavior for £^(N, C) will occur. 

This issue is addressed on a quantitative level in Subsection 16. 3[ where we discuss the Banach- 
Lie algebra Tq{A) of C'^-sections of ^ whose fc-jet vanishes at the boundary dX of X. This is a 
Banach completion of Tc{X°) and we characterize those pairs (x, p) for which the homomorphism 
ilx,p- ^c{^) Ax,p extends continuously to T^{A). 

6.1 Bounded representations of 

The simplest non-compact manifold is X = N. In this case 

C^{X,i) = «W := hm := {X = (X„) £ i"" : \{n £ N: X„ ^ 0}| < 00}. 

From Theorem 14. 12l it follows that {'■'^^ has a wild bounded unitary representation theory. That this 
is not a phenomenon caused by the rather fine topology on this Lie algebra, follows from the fact 
that it is shared by certain Banach completions. Let p :— (p„, Vn)neN be a sequence of irreducible 
unitary representations of 6 and let Ap := E)neNB{Vn) denote the corresponding UHF C*-algebra. 
We further assume that sup||p„|| < 00. Then the inclusion t^^^ — )> Ap extends to a continuous 
embedding 

00 

rjp:9:^e\N,i)^Ap, (X„)„eN ^ ^ 1®'""') ® P„(X„) ® 1®°° (7) 

n=l 

with ||?7p|| < sup„gj^ \\Pn\\- Since rjp maps J^^-* to a topologically generating subalgebra, im(?7p) gen- 
erates a dense subalgebra. Therefore the Banach-Lie algebra g has bounded factor representations 
of type II and III. 
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Example 6.1. (cf. [Sa71[ pp. 205 et seqq.]) For t = SU2(C) and the defining representation 
Pn'. i M2(C), we consider tlie algebra A Ap, i.e., A = ®„gN-^2(C). Let < p„ < ^ and 
consider the factorial state 

(fn ■= Pna + (1 - P,i)d 

on A/2(C). Then ip :— '^S'netiVn is a factorial state on A. If p„ = for every n, then ip is pure, so 
that we obtain a type Iqo representation. If p„ = ^ for every n, then 7r^(^)" is a type Ili-factor. 
If there exists a. 6 > with (5 < p„ < ^ — i5 for every n, then 7r^(y^)" is a type III factor. For 
Pn — A g]0, i[, n e N, the factor M\ := tt^{A)" is called a Powers factor (cf. |Po67| ). 

Remark 6.2. It is easy to see that the map ryp actually is an isometric embedding ^^(N,?) ^ A. 
Let /3 : ^ — ?> B{H) be a factor representation of ^. Since A is simple, /3 is isometric, and this implies 
for every sequence (X„) S that 

A* — >oo ^ — ' 

n 

In particular, the representation n fiorjp does not extend to a bounded representation of ^^(N, t), 
or any other Banach-Lie algebra containing as a proper dense subspace. 

As the spectra of elements in V) are symmetric, it follows that the map 

77^: £i(N,e) ^ der(^), X ^ ad{r,p{X)) 

is isometric. Therefore, even the bounded projective representation 7f: 4) — pu('H) does not 
extend to any Banach-Lie algebra containing €^(N, t) as a proper dense subspace. 

However, one can show that for certain /3, tt has a unique proper extension to a projective 
unitary representation of €^(N,6) by unbounded operators and that this representation integrates 
to an analytic representation of a non-trivial central T-extension of the corresponding Banach-Lie 
group 

oo 

€2(N,SU2(C)) := [k e SU2(Cf : ^ ||1 - fc„f < oo}. 

We shall explore this and related phenomena in subsequent work (cf. |JN13) ). 

Example 6.3. Note that any Lie algebra that has a dense continuous homomorphism into £^{N, i) 
will inherit the "wild" factor representations mentioned in Example 16.11 For example, the Lie 
algebra 5(R'',t) of {-valued Schwartz functions allows for the dense homomorphism 5(R'*,t) 
e{N,i) defined by / (/(nei))„6N. 

Example 6.4. Consider the Lie algebra £^ := £(8ir^e, where A := Cq ([0, 1], C) is the commutative 
Banach algebra 

C^{[0, 1], C) := {/ e C'=([0, 1], C) : /(^")(0) = 0, V j £ {0, . . . , fc}} . 

If fc > 1, then we have a dense continuous Lie algebra homomorphism into ^^(N, £), derived from the 
Banach algebra homomorphism rj: A ^ i'^(N,C) defined by rj{f)n = f{xn), with a;„ :— -^^^qrjyj- It 

is continuous because |/(a;)| < ■^x'^H/^'^^ ||oo, and l/{n + 1)^'^ is summable for fc > 1. Consequently, 
has bounded unitary factor representations of type II and III if fc > 1. However, we will see in 
Section 16.21 that, for fc = 0, all irreducible bounded unitary representations are finite-dimensional, 
so that in this case, the bounded unitary factor representations are all of type I. 
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In the following, we will perform a more refined analysis of ExamDle l6.4l In Subsection l6 . 2l below. 
we will show that if A :— Co{X,C) is a (possibly non-unital) C*-algebra, then every irreducible 
bounded unitary representation of is a finite tensor product of evaluation representations. Note 
that the Banach algebra Cq([0, is a C* -algebra only if fc = 0. This is what causes the "tame" 
behavior that distinguishes it from its siblings with fc > 1. In Subsection 16.31 we will take up 
the thread for fc > 1. We will show, again in a more general context, that an infinite evaluation 
representation in a sequence (a;„) is defined if and only if x^j is summable. 



6.2 Non-unital C*-algebras 

Let A = Co{X) be the C*-algebra of continuous functions that vanish at infinity, for X a locally 
compact space which is not compact. The dual A^ of the Banach space = Co{X,S.) can be 
identified with the space Ad{X) of finite regular Borel measures on X. Let B C A^ be a weak-*- 
compact subset. Then we have a natural map Am — ?■ C{B,M.),a i— >■ a* with a* (a) := a{a). 

Lemma 6.5. // {6n)neA is an approximate identity in A with < (5„ < \, then (5* — s> 1* holds 
pointwise on A' . 

Proof. li fi ^ A' ^ M{X) is a complex regular measure on X, then we have to show that 

/ Sn dji ^ 1 d/i = n{X). 
Jx J X 

Since /i is a linear combination of four positive measures f }Ru86[ Thm. 6.14]), we may w.l.o.g. 
assume that /i is positive. Let e > and pick a compact subset K <Z X with \ K) < e. There 
exists a function x G Cq{X) with x\k = 1- Then 5nX ~^ X implies that 6n\K converges uniformly 
to 1, so that 5n dfj, — ^ ^J■{K). Since 



< / (5„ d/i < \K)<e, 

Jx\K 

it follows that, eventually, | Sn d^i — fJ.{X)\ < 2e. □ 

Remark 6.6. A sequence ((5„)„gN with the above properties exists if and only if X is countable at 
infinity. In fact, if X is countable at infinity, then there exists an exhaustion {Kn)neti by compact 
subsets satisfying Kn ^ Then Urysohn's Lemma implies the existence of (5„ G Co{X) with 

Sn\Kn — 1 ^-iid < (5„ < 1. Now (Sn) is an approximate identity of Co{X). 

If, conversely, (Sn) exists, then we consider the compact subsets Kn '■= {Sn > ^} Q X. Since 
i5„ — 1 holds uniformly on every compact subset K C X, there exists an n G N with K C Kn- In 
particular, X = IJ^ Kn and X is countable at infinity. 

Lemma 6.7. Let B C A^ be a weak-* -compact subset with Borel a-algebra *B(i?), and let (6n) be 
an approximate identity of A with < (5„ < I. For every spectral measure P: ^{B) — > B['H), we 
then have 

P(l*) = s-lim™P(<5:). 

Proof. Since B is weak-*-compact, it is weak-*-bounded, hence bounded by the Uniform Bound- 
edness Principle. Therefore the sequence ((5*) is uniformly bounded. Since J* — > f * pointwise by 
Lemma 16.51 the assertion follows from the standard continuity properties of spectral measures. □ 
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Proposition 6.8. Let t be a compact Lie algebra and :— Co{X,t) for a locally compact space 
X countable at infinity. Then any bounded unitary representation tt : {_4 — > u(7{) extends to the 
Banach-Lie algebra Ij,^ = x: t 6?/ 

tt{x) := s - lini„^oo7r(a; 5„). 

Proof. For each x G t, the map 

TTx : Ar — !■ u{H), a M> tt{x ® a) 

is a bounded representation of the abehan Lie algebra Ar. Hence there exists a spectral measure 
Px on a weak->i!-compact subset C A^ such that 

TTxia) = iPx{a) = i / adP^ 

JBo, 

r [Ne09l Thm. 4.1]). We now put 

tt{x) := iPx{l*) = s - lim„^oc.«^'x('5n)- 

Since the commutator bracket is separately strongly continuous on bounded subsets of B{H), we 
obtain 

[t:{x), 7r(y a)] = s - lim„^oo[7r(x 5„),7r(2/ ® a)] 

= s - lim„_>oo7r([x, y] » 5„a) = t:{[x, y] (g) a) 

and 

[Tf{x),7f{y)] = s - lim„^oo[7f(a;),7r(j/ 5„)] = s - lim„^oo7i'([a;, y] 5„) = Tf{[x,y]). 
Therefore 

vf : = X { ^ (x a,y) t-^ 7r(a; ® a) + 7r(y) 

is a representation of the Banach-Lie algebra Since £ is finite-dimensional, it is also continuous. 

□ 

Since every bounded unitary representation of iA extends to t^^ , the classification of the irre- 
ducible bounded unitary representations oiiA+ fTheorem l2.17p yields immediately the correspond- 
ing classification for tj[ (cf. [NSllj for the case of unital commutative C*-algebras). 

Theorem 6.9. Let 4^ = 6 Or Cq{X,C)r, with t a compact semisimple Lie algebra, and A — 
Co{X,C) the commutative C* -algebra of continuous functions vanishing at infinity for a locally 
compact space X countable at infinity. Then every bounded irreducible unitary representation (tt, Ti) 
of finite tensor product of evaluation representations at different points corresponding to 

irreducible representations of i. In particular, T-L is finite- dimensional. 
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6.3 Boundary conditions 

Let X be a compact manifold with boundary dX and let ^ —> X be a Lie algebra bundle whose 
typical fiber is a compact semisimple Lie algebra f. We then denote by r'^(^) the Lie algebra of 
C*^ -sections of ^, and by 

vU^i) ■.= {seT'^{Si);jHs)\ax=0} 

the subalgebra of sections whose derivatives of order < k vanish at the boundary. The negative of 
the Killing form yields a smoothly varying inner product k: ^ x ^ — R on the fibers. If we choose 
a metric g on X and a Lie connection V on .ft, both nondegenerate at dX, then V combines with 
the Levi-Civita connection to the covariant derivative V": r(J^) T{R(Si (r*X)®"). The scalar 
product K (g) g*®" induces the norm || • ||g .j, on {T*X)®*', and we obtain the C''-norm 

\\s\\u :-sup{E-=ol|V^'«(a;)|l3,x; a^ex} 

on r'^(.ft). This norm (multiplied by a suitable constant to guarantee ||[s,s']||fe < ||s|UI|s'IU) makes 
r'^(.ft) into a Banach Lie algebra with r§(.ft) as a closed ideal. Note that different choices of g and 
V yield equivalent norms. 

Since the inclusion r(.ft) =— T^{^) is continuous and dense, every irreducible bounded unitary 
representation of T^{^) restricts to an irreducible bounded unitary representation of r(.ft), by 
which it is uniquely determined. By Theorem 14.111 these are finite tensor products of irreducible 
evaluation representations, hence extend to T^{^). The Lie algebras and T^{^ of smooth and 

sections thus have the same bounded irreducible representations, given bv 14.111 The following 
theorem generalizes this observation to representations that need not be irreducible. 

Theorem 6.10. If X is compact, then any bounded unitary representation ofT{A) extends to the 
Banach-Lie algebra r'^(.ft) of continuous sections of K and even to the Banach-Lie algebra r^{^) 
of all bounded sections. 

Proof. Let (tt, be a bounded representation of r(.ft) and A := C*(im(7r)) the C*-algebra gener- 
ated by its image. We have to show that the linear map tt : T(M.) — >■ .A is continuous with respect 
to the norm ||s||oo ■— sup^^x 

To this end, we recall that the irreducible representations of a C*-algebra determine its norm 
f |Dix77[ Thm. 2.7.3]). For every irreducible representation /3 of A, the unitary representation /3o7r 
oiT(M.) is bounded and irreducible, hence a finite tensor product of evaluation representations t:x,p 
f Theorem I4.11[) . We may therefore assume that tt is a direct sum of irreducible representations 
■"■xj .pj : j & J- We now have to show that there exists a C > with 

||7r(s)|| =sup||7rx,,p^(s)|| <C||s||oo for ser{Si). 
With Xj = {x], . . . ,a;J'} and \\T^^j,pj \\ = YaLi \\p)\\ we thus obtain 

h{s)\\ =sup||7rx^,p^(s)|| < ( sup V ||p;H)||s||oo- 

It now remains to show that C := supj^j'^^jLi \\P]\\ ^ Since every summand '^xj,pj defines a 
bounded representation of r*'(.ft), it follows that tt extends to a continuous representation of the 
Lie algebra r^{^) of all bounded sections. 
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Let yo £ X and pick open neighborhoods V = V{y()) C U oi yo such that V C U is compact 
and Si\u is trivial We identify TciA\u) C r(j^) with C^{U,t). Let x 6 C^iU,R) with < x < 1 
and x\v — 1- We thus obtain a hnear embedding 7: { -> Tci^lu) ^ r(^),x n> x^^- Since n defines 
a bounded representation of r(^), the operator 7r(7(x)) is bounded for every x G In particular, 
we have 

sup \\Pj(^)\\ < 

where we consider for Xj 6 V the representation p^- of as a representation of t. As ? is finite- 
dimensional, using these estimates for a linear basis of t, we obtain 

Cyo— sup \\p)\\<oo. 

Since X is compact, there are finitely many points yi, . . . ,yN £ X with X C (J^j^ Then 
IItTxj.pj W < C := J2k ^Vk holds for every j G J, and we thus obtain ||7r(s)|| < C||s||oo- □ 

This shows that, for all fc > 0, the Banach-Lie algebra r'^(^) of C'"'-sections has the same 
bounded unitary representation theory as the Frechet-Lie algebra r(^) of smooth sections. 

For the Lie algebra Tq{A), the situation is slightly more subtle, even in the case of irreducible 
representations. Although every bounded unitary factor (irreducible) representation of Tq{A) re- 
stricts to a bounded unitary factor (irreducible) representation ofTdM-lx"), the latter do not always 
extend to the former. The following theorem shows that bounded unitary factor (irreducible) rep- 
resentation oiTc{M.\x°) (which are all obtained by infinite tensor products of irreducible evaluation 
representations, cf. Theorem I4.12|) . extend to bounded representations of only if the high- 

est weights of the evaluation representations satisfy the following growth condition as the points 
approach the boundary. 

Theorem 6.11. Let X be a compact manifold with boundary, and R ^ X a Lie algebra bundle 
whose typical fiber is a compact simple Lie algebra. Then every factor (irreducible) bounded unitary 
representation of Fq is equivalent to 

7rx,p./3 : rg(il) ^ Bin) , s^Y^° i.(Px(s(x))) , 

where (x, p, /3) is a triple with x C X° a locally finite subset, p — {{pxiVx)] 2; G x} a set of 
irreducible representations of ^ with highest weight satisfying 

^||A,|Ud(x,ax)'= < 00, (8) 

and (/3,?^) a factor (irreducible) representation of the C* -algebra Ax.p = ^xex-^i^^) ('^f- &)■ 

In order to prove Theorem 16. Ill we will have use for the following lemma. 

Lemma 6.12. Let t be a compact simple Lie algebra with invariant scalar product k. Then there 
exists a constant C({) >0 such that 

C(«)||A|U||a;|U<||p(x)||<||A|U||x|U (9) 
holds for all irreducible representations p with highest weight A, and for all x d t. 



36 



Proof. Let t C { be maximal abelian and t) := tc C g := fc the corresponding Cartan subalgebra 
(cf. Section [2]). We also fix a connected Lie group K with Lie algebra t. We denote by W := 
NK{t)/ZK{i) the Weyl group of {t, t), and by A+ C A C [)* a positive system with respect to which 
A is the highest weight of p. Recall that every adjoint orbit Ad{K)x intersects 

t+ := {z e t: (Va G A+) ia{z) > 0}, 

so we may assume that a; e t+. 

First we recall that the set Vp of t- weights of p is W-invariant, contains A and is contained in 
conv(WA) (cf. [Bou90[ Ch. VIII]). As W acts isometrically on t* with respect to the induced norm, 
the relation 

=sup|(m,x)| < ||A|U||x|U 

for X G I follows from the Cauchy-Schwarz inequality. 

It remains to show that there exists a constant C > with > C||A||k for every a; e t+ 

with ||a;|| = 1. For /3 G it*, let G t be the unique element with n{tfi^z) — if3{z) for z e t. 
Then t+ = {z £ t; (Va £ A+)K(tct,z) > 0}. For a G A, we have —id — j^^ta, so that 

K{t\,ta) = iX{ta) > for a e A+ implies G t+- 
Now we observe that 

||p(2^)|| > |A(a;)| = K{tx,x), 

so that it remains to show that 

inf{K(y,z): = ||z|l = 1, y, z G t+} > 0. 

By compactness, it suffices to show that K{y,z) > for 7^ y, z G t+. We argue by contradiction 
and assume that this is not the case. Then there exists non-zero y, z £ t+ with K(y, z) < 0. Since 

by |NeOO| Prop. V.2.7(ii)], we obtain K{y, z') < for z' G conv(>Vz). The simplicity of i implies that 
t is a simple W-module, so / :— J2wew 

element of = {0}. Since Wz spans t, there exists 
a w G W with k{wz, y) ^ 0, hence < 0, but this leads to the contradiction — K(y, /) < 0. □ 

Proof, (of Theorem \6.11\) Since X is compact, the continuous inclusion Tc{A\x°) ^ ^oi^) of Lie 
algebras is dense. Thus every norm continuous factor (irreducible) representation of Tq (K) restricts 
to a norm continuous factor (irreducible) representation of Tc{K\x°), and is uniquely defined by 
this restriction. Theorem 14.121 then yields a locally finite set x C X° and representations px of 
M.X and /3 of Ax,p such that 7r|r^(j?|^o) = P o ??x,p- Since /? is an isometry, the representation of 
rc(.^|x°) extends to a bounded unitary representation of Fq if and only if ?7x,p: ^c{^\x°) — ^ ^^x.p 
is continuous w.r.t. the C'^'-norm. In the following, we write dx '■= d{x,dX) for brevity. 

We first prove that X^xex ll'^^IU'^a: ^ °° implies continuity of ?7x,p- Recall that r/x,p(s) := 
^^gjj. i2;Px(s(a;)), where Lx- B{Vx) — >■ Ax,p is the canonical inclusion. Since the tx are isometrics, 
we have 

hx»ii = Eii^-(^(^))ii- (10) 

a;Gx 

By Lemma [6.12[ we have the estimate [|px(s(a;))|| < ll'^2:IUII*(2^)IU- Since every Lie connection 
is orthogonal w.r.t. n, we can combine Taylor's Theorem with the parallel transport equation to 
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yield ||s(x)|U < ^d^Mk, and thus WpM^M < ^||A,|Ud^ ||s||fc. Now m yields ||77x,p(s)|| < 
ird^xex l|Ax|UrfJ;)||s||fe, which shows that 77x,p is continuous if Y^xex W^xW^d^ < oo. 

Conversely, suppose that X^xsx ll'^a^lU'^a: = oo. We will exhibit sections s-y with ||?7x,p(s7)|| > 1 
but Ijs^llfe arbitrarily small as 7 J, 0, showing that rj^^p is not continuous in the C'^'-norm. 

The first step is to localize the problem. Using the exponential flow for the metric g, we find an 
e e (0, f/2), a finite covering oi dM by Ui C dAI, open neighborhoods Vi D Ui, and local diffeomor- 
phisms ifii: ViX [0, 2e) — ?> X, such that trivializes over im{Lpi) and such that d{(pi{v, x), dX) — x (cf. 
|Sp70[ Ch. 9, Thm. 20/2f]). The local diffeomorphisms are defined by the fiow (pi{v,t) — exp„(tn.„) 
along a (locally defined) inward pointing normal vector field n on dM . 

Since x is locally finite in X°, and since X° is covered by the open sets Ui :— fi{Ui x (0,£)) 
together with the compact set {x G M ; dx > e/2} C X°, there is at least one i such that 

Now let (5 > and let ^ £ C^{im{(pi),t) be such that its restriction to Ui is a constant ^0 £ ^ 
with 1 1^0 II K — 1- Using the trivialization of M. over im(i^i), we define for every 7 S (0, f ) the section 
s-y £ rg(X) by Sj{(pi{u,x)) := Sx^^^^. Since the topology induced by the C'^-norm is independent 
of the choice of connection, we may as well choose V to be compatible with the trivialization over 
supp(^). We then have \\sj\\k < (5C||^||fc||a;'^+''||fc for some suitable constant C, with 

Wx'^+^U sup {e -=0 llk^'^'l-- ^ e [0, 2£]} < E ^<e{k + iy.. 

Thus lim^^o ||'S7||fe = uniformly in 7. However, we have ||pa;(s(a;))|| > C({)||A2;||K||s(a;)||K by Lemma 
\6A2\ so that 

hx.p(s,)ii>5c(t) J2 ii^-iU'^'^'^- (11) 

Now since J2xexnu \\^x\\Kd^ = 00, there exists for every TV £ N a finite subset Xq C xCiUi such that 
E.exo UxW^d^x > 'N- Taking the limit 7 ^ in the inequality hx^p(s)|| > SC{t) J^xe^o M^d'^x^'' 
and choosing > l/{SC{t)), we see that there exists a 7 > for which ||??x,p(s7)|| > 1- Since 
lim^^o ll*7l|fc = uniformly in 7, this finishes the proof. □ 

The following is a direct consequence of Theorem 16 . 1 II in the case fc = 0. 

Corollary 6.13. Every bounded irreducible unitary representation (tt, 7^) o/TqI^) is a finite tensor 
product of irreducible evaluation representations. In particular, % is finite- dimensional. 

6.4 Further problems 

It is an interesting question to which extent the theory developed in Sections[5]and[3]can be extended 
to the case where ^ is a general non-unital cia. Not unrelated, it would also be interesting to see 
whether the results on Lie algebras of sections in Section|4]extend to the context of complex analytic 
or algebraic geometry. 

6.4.1 Unital cias 

It is straightforward to apply our techniques to the unital cia A = C'an(T'") of analytic functions 
on the torus T" C C" (cf. Example 11.21 (d)). The characters are given by evaluation in points of 
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T", and are thus in particular involutive w.r.t. the involution f*{zi, . . . , z„) := /(1/zi, . . . , 1/zn). 
Corollary 11.91 guarantees that every holomorphic multiplicative map ip: C'an(r") — > C is given by 
evaluation in finitely many points pi € T", i.e., ip{f) = ^iLifiPi)- Using Theorem l2.11[ we then see 
that every irreducible bounded *-representation of the Lie algebra OaniT^'jQ) of analytic functions 
on T" with values in g = tc, for 6 a compact semisimple Lie algebra, is a tensor product of finitely 
many irreducible evaluation representations in different points pi of T" . 

6.4.2 Non-unital cias 

If ^ is a non-unital cia, then the results of Sections[5]and[3]do not apply. The localization techniques 
of Section |4] will work for certain classes of cias which are soft sheaves over their spectra, but more 
'rigid' non-unital cias, such as the algebra Ap — 0an(7'")p of analytic functions on T" that vanish 
at p S T", cannot be handled in this way. 

It is clear that the Lie algebra Q{Ap) allows for infinite tensor products of evaluation represen- 
tations, coming from holomorphic multiplicative involutive maps of the form 

oo 
m—1 

where {pm)meti is a sequence of points in T" with J2m=Q^iP'm.,p) < oo (cf. Examples 16.31 and 16. 4[) . 
Here we use that, for any bounded set 5* of holomorphic functions in a neighborhood U of T", the 
set {f'{p) : / G 5} of derivatives in p is bounded by the Cauchy estimates. 

In this connection, the following question arises: Suppose that ,4 is a non-unital involutive 
cia, and F: 1 + A ^ C a holomorphic, multiplicative and involutive map. Is the functional A :— 
dF(l) : A C inducible? As the following proposition shows, it makes a serious difference whether 
we consider multiplicative homomorphisms on (A, •) or on (1 + A, ■). 

Proposition 6.14. Let A be a non-unital commutative \i-algebra. Then every multiplicative map 
X' {A, •) — C extends to a multiplicative map x- {A-\-, ■) C with = 1- If, «^ addition, A is 
a complex cia and x is holomorphic, then the same holds for x o.nd then x is a finite product of 
algebra homomorphisms. 

Proof. If X = 0, then we put + ^1) We now assume that x 7^ 0. For a G A+, we write 

Aa : „4 — > ^ for the multiplication with a. Then there exists a.b ^ A with / 0. We put 

xi^ah^ 

Xb(a) := — 77^ for a £ A+,b G A. 
X{b) 

For any other c £ A with 7^ and a G A+, we then have 

Xb{a)x{b)x{c) = x{ab)x{c) = x{abc) xi^cb) = x(ac)x(6) = Xc{a)x{c)x{b) , 

so that Xb{o-) — Xc{o-)- Therefore 

X:^+^C, x(a):-Xb(a) for x{b) ^ 

is a well-defined extension of x- It satisfies x{0'b) = x(a)x(fc) for x(^) 7^ 0. If x{b) = 0, then we 
choose a. c E A with x(c) ^ and obtain 

X(a6)x(c) = x{abc) = x{bac) ^ x{b)x{ac) = 0, 
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so that xi'^f') = 0- This shows that 



X{ab) = xia)xib) for a e A+,b e A. 
For a, a' £ A+ and x{b) / 0, we then have 

x(fe) x(^) 

Therefore x is multiphcative. 

Now suppose that .4 is a complex cia and that x is hofomorphic. For any b € A with x(&) 7^ 0, the 
relation x(a) = Xb(a), together with the holomorphy of the map A+ — >■ a 1— >■ a& now implies that 
also X is holomorphic. We conclude with Theorem 11.81 that x is a finite product of characters. □ 



Not all bounded irreducible ^-representations of Ap = Oan{T")p are highest weight representa- 
tions. The Lie algebra 5(2 (^p) has an irreducible bounded ^-representation, 

7t{X) r"®X(p™)®l°°, 

meN 

on any infinite tensor product space H := (S^meNl*^^' ^m)' where 6 is a sequence of unit vec- 
tors and (pm)meN a sequence of points in T" with J2met>i^iPm,p) < 00 (cf. ([7]) and Example 14. 14p . 
In particular, we have irreducible bounded unitary representations of s[2(^p) where — {0}. 

Clearly, these cannot be classified with the highest weight theory from Section [5] This raises 
the following question: Suppose that £ = is non-zero for an irreducible bounded unitary 

representation of 4^, with A a non-unital involutive cia. Then the arguments from the proof of 
Proposition l2. 21 still imply that dimf = 1, so that the representation {p, £) oi = h^A is given by 
a linear functional X: A ^ C In view of the above example, A can be an infinite sum X^jli ^3 ®Xi: 
so that Theorem 12.91 does not extend to the non-unital case. Does F(e°) := e^^^^ extend to a 
multiplicative holomorphic map F: A ^ C? 



6.4.3 Multiloop algebras 

It would also be interesting to see whether the results on Lie algebras of sections in Section|3]extend 
to the context of complex analytic or algebraic geometry. 

The class of twisted multiloop algebras are an interesting example. In this case, the finite 
group H ~ UljLi'Z/ki'Z acts on g by automorphisms, and on T" by the free action h ■ z :— 
(^^2mhi/ki^^^ . . . , e2^*''"/'="z„). Then j? := T" £ is a bundle of Lie algebras over T"/H ~ T", and 
the twisted multiloop algebras in the algebraic, analytic and smooth setting are the corresponding 
Lie algebras of sections 

Oalg(r",0)^ C Oan(r",0)^ C {T" , q)" , (12) 

where C'aig(T",g) :— C[tf, . . . ,t^] (g) g. Assuming that the action of H on g preserves a compact 
real form £, Theorem 14.111 implies that every irreducible bounded ^-representation of r(.S)c ~ 
C°°{T", g)^ is a finite tensor product of irreducible evaluation representations in different points pi 
of T". Analogously, it follows from |LalO] that every finite-dimensional irreducible representation 
of OaigC?"", 0)^ is given by a finite tensor product of evaluation representations, which implies the 
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corresponding result in the analytic and smooth setting because the inclusions in are dense. 
(See also |NSS12j . where the action of H on T" is generalized to the automorphic action of a finite 
group on a scheme.) 

This striking similarity raises the question whether our results extend to the analytic/algebraic 
setting also if the bundle R ^ X does not allow for a flat Lie connection, so that the structure 
group is not finite. 
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